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Lagrangian

> standard form problem (not necessarily convex)

minimize  fo(x)
subject to fi(x) <0, i=1,....,m
hi(x) =0, i=1,...,p

variable x € R", domain D, optimal value p*

» Lagrangian: L : R" X R" xR — R, with domL =D xR" x R?,
m %

L. A.v) =fo(@) + ) Afi(x0) + ) vihi(x)
=1 =1

— weighted sum of objective and constraint functions
— A; is Lagrange multiplier associated with f;(x) < 0
— v; is Lagrange multiplier associated with 7;(x) =0
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Lagrange dual function Z o) Prp)- sup k- Py
> Lagrange dual function: g : R”" X R — R,

m P
g(d,v) = inf L(x,A.v) = inf |fo(x) + 21] Afi (x) + Z; vihi(x)

l

> o is concave, can be —oco for some A, v
> lower bound property: if 1 > 0, then g(4,v) < p* (P, (x) <o h, (x):")

F__.—d

> proof: if X is feasible and 4 > 0, then

fo(X) > L(x,4,v) > inzf)L(x, A,v) =g(4,v)
Xe

minimizing over all feasible X gives p* > g(A, v)

Convex Optimization Boyd and Vandenberghe 5.3



Least-norm solution of linear equations

minimize  x!x

subject to Ax =05
> Lagrangian is L(x,v) = x'x + v (Ax — b)

> to minimize L over x, set gradient equal to zero:
V.L(x,v) =2x+Alv=0 = x=—(1/2)A"v

> plug x into L to obtain e 30" AN

g(v) = L((-1/2)AT v, v) = —iVTAATV ~bly

M e . polen A= L
> lower bound property: p* > —(1/4)v' AA'v — b'v for all v Ax=b & x=b.

so  p¥z b b.=bll,"
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Standard form LP

minimize clx

subjectto Ax=b, x>0
> Lagrangian is
Lx,,v)=c'x+v (Ax-b) - Alx==-b'v+(c+A'v-2D'x

> [ is affine | / o
is affine in x, so A CM% :

| by Aly—-A+c¢=0
8(4,v) = H;fL(x’ 1,v) = { —00 otherwise (-/

> ¢ is linear on affine domain {(1,v) | A’v — 14 ¢ =0}, hence concave ke AT

> lower bound property: p* > =b'vifAlv+c >0 (.’_e. AZo). o (¢ Th . (620)
. W 7
| sver bovasd - P = b U
L LC2°
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Equality constrained norm minimization w1 xll= A

= Sop  "Ax - Ul
= = (VAT )
minimize  ||x|| ) @d(\\zﬁz\(ﬁﬁ‘ ) ly |
subject to Ax=b |W
% '
ixI\- VAX ob. (¢ ﬁ)

-———d——/"

blv ATy < 1
—00 otherwise

> dual function is x| 4o (b= Ax) =

g(v) =inf(||x|| - v' Ax +b"v) = {

where |[v]|. = supy, <; 47 v is dual norm of || - | (M nokn of 2- Mot IS 2 nerim )
ot

> lower bound property: p* > bl v if [ATv|. < 1 Amal werm of L.~ mevm is 00~

Couity docke i A=T. than £= BU

wax BTy = b b ol
24\ © bl el
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Two-way partitioning

minimize  x! Wx
subject to x7 =1, i=1,...,n | =41

> a nonconvex problem; feasible set contains 2" discrete points

> interpretation: partition {1,...,n} in two sets encoded as x; =1 and x; = —1 “J glbg/m;

> W, is cost of assigning i, j to the same set; —W;; is cost of assigning to different sets 9%

> dual function is S oik2z A dieg@) X Ete.
‘

1"y W +diag(v) > 0
—00 otherwise

SLMHY chee . W=T.
then . Tt dﬁﬂﬁ(@)ao

o - 1%y b v:-1

V
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g(v) = iI;f (xTWx + Z vi()ci2 — 1)) = ir;fxT (W + diag(v))x—lTv = {

l

> lower bound property: p* > —1'v if W +diag(v) > 0



Lagrange dual and conjugate function

» dual function

g(1,v)

minimize  fo(x)
subject to Ax <b, Cx=d

inf
AS dOInf()

‘fo(w) — 'C/jT X
A —~
(f() (x) + (ATA+ ) x=b' 2 - dTv)

—f(-A"A=C"v)=b'A-d"v

where f*(y) = SUP,cgom (/% — f(x)) is conjugate of f;
> simplities derivation of dual if conjugate of f; is known

> example: entropy maximization

Convex Optimization

n

n

Jo(x) = in log x;, f;(y) — Z oYi—1

=1

=1

Boyd and Vandenberghe

5.8
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Lagrange dual problem
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The Lagrange dual problem

(Lagrange) dual problem
maximize g(A4, V)
subjectto 4 >0

finds best lower bound on p*, obtained from Lagrange dual function g, (oetre

_____ﬁ
a convex optimization problem, even if original primal problem is not

o ————

dual optimal value denoted d*
A, v are dual feasible if 1 > 0, (1,v) € domg
often simplified by making implicit constraint (4, v) € dom g explicit

vV v v v V
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Example: standard form LP

(see slide 5.5)

» primal standard form LP:

minimize clx

subject to Ax=0>
x>0

» dual problem is
maximize g2(A,v)
subjectto A4 >0

with g(1,v) = =blv if Alv — A+ ¢ =0, —co otherwise

> make implicit constraint explicit, and eliminate A to obtain (transformed) dual problem

maximize —b'v
subject to A'v+c¢>0
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Weak and strong duality

weak duality: d* < p*
> always holds (for convex and nonconvex problems)

> can be used to find nontrivial lower bounds for difficult problems, e.g., solving the SDP

Prwal X Wx

maximize —1'v . .
subject to W +diag(v) > 0 ST Xe=

gives a lower bound for the two-way partitioning problem on page 5.73(’0) ) f_fb o Wedagf0) 2o

strong duality: d* = p*
> does not hold in general
> (usually) holds for convex problems

> conditions that guarantee strong duality in convex problems are called constraint
qualifications

Convex Optimization Boyd and Vandenberghe 5.12



Slater’s constraint qualification

strong duality holds for a convex problem

minimize  fo(x)
subject to fi;(x) <0, i=1,...,m
Ax =b

if it is strictly feasible, j.e., there is an x € intD with f;(x) <0,i=1,...,m, Ax=>b

> also guarantees that the dual optimum is attained (if p* > —o0)

> can be sharpened: e.g.,

— can replace int D with relint D (interior relative to affine hull)
— atfine inequalities do not need to hold with strict inequality

> there are many other types of constraint qualifications

Convex Optimization Boyd and Vandenberghe
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Inequality form LP

primal problem

minimize clx

subject to Ax < b

dual function 7 T
—-b'A AA+c=0
—_ r I — I p—
g(A) = 11;f((c+A A) x =D /l) { —00 otherwise

dual problem
maximize —b'A
subject to A'A4c¢=0, A1>0

> from the sharpened Slater’s condition: p* = d™* if the primal problem is feasible

> in fact, p* = d* except when primal and dual are both infeasible

Convex Optimization Boyd and Vandenberghe 5.14



Quadratic program

primal problem (assume P € S" )
minimize  x! Px

subject to Ax < b

dual function ,
¢(1) = inf (xTPx + A7 (Ax — b)) = —2ATAPIATA = b2

dual problem

maximize —(1/4)ATAP7IATA-bTA
subjectto A4 >0

> from the sharpened Slater’s condition: p* = d* if the primal problem is feasible

> in faCt, p* — d* always (LJ?/LW ?’“D-{J& QJNLM\‘,( —_[,lrt M FLED>
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Geometric interpretation

» for simplicity, consider problem with one constraint fj(x) < 0
> G ={(fi(x),fo(x)) | x € D} is set of achievable (constraint, objective) values
> interpretation of dual function: g(1) =inf(, ycg (7 + Au)

> Au+t=g(A) is (non-vertical) supporting hyperplane to G ( ,‘u}. S &l{ pottds i G SlMM‘y)
» hyperplane intersects f-axis at r = g(A) At a\%&)

Convex Optimization Boyd and Vandenberghe 5.16



Epigraph variation

» same with G replaced with A = {(u,1) | fi(x) < u, fo(x) <t for some x € D}

/\A 7
/ g &)

Au+1t = g(ﬂ)%
(1)

8

» strong duality holds if there is a non-vertical supporting hyperplane to A at (0, p™)
> for convex problem, A is convex, hence has supporting hyperplane at (0, p™)

> Slater’s condition: if there exist (it,7) € A with it < 0, then supporting hyperplane at
(0, p*) must be non-vertical T A

Convex Optimization Boyd and Vandenberghe
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Outline

KKT conditions

Convex Optimization Boyd and Vandenberghe 5.18



Complementary slackness

* "

> assume strong duality holds, x* is primal optimal, (1*, v*) is dual optimal

p
1nf fo(x) + Z A fi(x) + Z v h;(x)

l

< folx )+Z/l*,(x +zp:vl*h (x™)

zl"“’""-*v"' =1

fo(x*) = g(A*, v*)

< fo(x™)

> hence, the two inequalities hold with equality
> x* minimizes L(x, 1%, v*)

> 1fi(x*) =0 fori=1,...,m (known as complementary slackness):

7>0 = fi(x*) =0, fix*) <0 = AF=0

Convex Optimization Boyd and Vandenberghe 5.19



Karush-Kuhn-Tucker (KKT) conditions

the KKT conditions (for a problem with differentiable f;, h;) are
1. primal constraints: f;(x) <0,i=1,...,m, hj(x)=0,i=1,...,p
2. dual constraints: 4 > 0
3. complementary slackness: A;f;(x) =0,i=1,...,m

4. gradient of Lagrangian with respect to x vanishes:

m %
Vio(x) + > AVfi(x) + ) viVhi(x) =0
=1

=]

l

if strong duality holds and x, A, v are optimal, they satisfy the KKT conditions

Convex Optimization Boyd and Vandenberghe 5.20



L(wfa\n)) = fD(X) -+ ZX; ﬁ;(r) + ): 0; i (x)

O 2
= rio)
L(}) & W’f(D ' E’W

if X, A, ¥ satisfy KKT for a convex problem, then they are optimal:

e —

> from complementary slackness: fy(%) = L(%, A, ¥)

- - ‘ {0 (%)
> from 4th condition (and convexity): g(4,V) = L(X,4,V) Y I fd + LA SOLSRTES .
hence, fy(X) = g(4, ) } adwenesy Yoo Leund . S0 - opima.

KKT conditions for convex problem

if Slater's condition is satisfied, then

x Is optimal if and only if there exist A, v that satisfy KKT conditions

> recall that Slater implies strong duality, and dual optimum is attained

> generalizes optimality condition Vfy(x) = O for unconstrained problem
W— -
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Outline

Sensitivity analysis
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Perturbation and sensitivity analysis

(unperturbed) optimization problem and its dual

minimize  fy(x) maximize g(A4,v)
subject to fi(x) <0, i=1,...,m subjectto A4 >0
hi(x) =0, i=1,...,p

ax | Lighlen the caustro™s §

perturbed problem and its dual [l W?WJ \3& Wt TA g /lﬂj )
minimize  fo(x) maximize g(A1,v) —u'A—vly
subjectto fi(x) <wu;, i=1,...,m subjectto A1 >0

hi(x)=v;, i=1,...,p

> x is primal variable; u, v are parameters
> p*(u,v) is optimal value as a function of u, v

> p*(0,0) is optimal value of unperturbed problem

Convex Optimization Boyd and Vandenberghe 5.23



Global sensitivity via duality

» assume strong duality holds for unperturbed problem, with A*, v* dual optimal

> apply weak duality to perturbed problem:
p*(u,v) > g(A*, v —ul 2X = vIv* =p*(0,0) —u' A* = v V¥

> implications
— if A% large: p* increases greatly if we tighten constraint i (u; < 0) gi(” cu.
— if /ll* small: p* does not decrease much if we loosen constraint i (u; > 0)
— if v* large and positive: p* increases greatly if we take v; <0
— if v;‘ large and negative: p* increases greatly if we take v; > 0

— if v;‘ small and positive: p* does not decrease much if we take v; > 0

— if v;( small and negative: p* does not decrease much if we take v; < 0

Convex Optimization Boyd and Vandenberghe 5.24



Local sensitivity via duality
if (in addition) p*(u, v) is differentiable at (0,0), then
dp* (0, 0) N dp* (0, 0)

/l* — V.
l 8ul~ l 3\/1'

= ¥ 7
proof (for A¥): from global sensitivity result, F¥(U;U) = ple,y —u AV V

dp™ (0,0 . p*(te;,0) — p*(0,0 dp™ (0,0 . p*(te;,0) — p* (0,0
pa( ):12%19(6 )tp( )2_/1? pa( ):1%17(6 )tp( )s—/l;‘
Uj ! © U; t
h : Vﬁ_?:u > UM )E’_e"-“')\ _#:\?20_
ence, equality = &8 %

p*(u) for a problem with one (inequality) constraint:
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Outline

Problem reformulations
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Duality and problem reformulations

» equivalent formulations of a problem can lead to very different duals

> reformulating primal problem can be useful when dual is difficult to derive, or uninteresting

common reformulations
> introduce new variables and equality constraints
> make explicit constraints implicit or vice-versa

> transform objective or constraint functions, e.g., replace fy(x) by &(fo(x)) with ¢ convex,
Increasing

Convex Optimization Boyd and Vandenberghe 5.27



Introducing new variables and equality constraints

> unconstrained problem: minimize fy(Ax + b)
» dual function is constant: g = inf, L(x) = inf, fy(Ax + b) = p*

> we have strong duality, but dual is quite useless

> introduce new variable y and equality constraints y = Ax + b

. %%
minimize  fo(y)

subject to Ax+b—y=0 4 Goa Eoc‘l)"\fj

> dual of reformulated problemis 4= K:g)f 0+ O (Abey) =

maximize b’y —fo (V)
subject to A'v =0

> a nontrivial, useful dual (assuming the conjugate f; is easy to express)

Convex Optimization Boyd and Vandenberghe
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e Q) o b~ (5 (V)
X, A
Example: Norm approximation o+ by ck. ANQV=0

> minimize ||[Ax — b]|

> reformulate as minimize ||y|| subject to y = Ax — b

> recall conjugate of general norm: V“?Zfl x'2 (21" = 9‘;? 'z - (1%
[\*
= pafz)E )
HZH* L { O HZH* S 1 @)I:P XAl
| oo otherwise B C,,( 2 - )
- =F m" -
uz“*

> dual of (reformulated) norm approximation problem:

Pri Duod ) .  maximize b'v
win gl ok Lo’ - W subject to ATy =0, [v]. <1
sk Axb= AW =

q .. V=0

Convex Optimization Boyd and Vandenberghe
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Outline

Theorems of alternatives
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Theorems of alternatives

> consider two systems of inequality and equality constraints
> called weak alternatives if no more than one system is feasible

> called strong alternatives if exactly one of them is feasible

> examples: for any a € R, with variable x € R,

— x> a and x < a -1 are weak alternatives
— x > a and x < a are strong alternatives

> a theorem of alternatives states that two inequality systems are (weak or strong)
alternatives

> can be considered the extension of duality to feasibility problems
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Feasibility problems

> consider system of (not necessarily convex) inequalities and equalities
filx) <0, i=1,....m, hi(x)=0, i=1,...,p
> express as feasibility problem

minimize 0
subject to fi(x) <0, i=1,...,m,
hi(X)ZO, i:1,...,p

> if system if feasible, p* = 0; if not, p* =

Convex Optimization Boyd and Vandenberghe 5.32



Duality for feasibility problems

» dual function of feasibility problem is g(A, v) = inf, (Z?il Aifi(x) + Zle vih,-(x))

> for 1 > 0, we have g(4,v) < p*

v

it follows that feasibility of the inequality system

A >0, 2(Ad,v) >0 1 ‘

implies the original system is infeasible
> so this is a weak alternative to original system
> it is strong if f; convex, h; affine, and a constraint qualification holds

> g is positive homogeneous so we can write alternative system as

—

Ravk graen 10,  g(Av)>1

w MV

%(&NWO)';

o 50‘%\7) '

Convex Optimization Boyd and Vandenberghe
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Example: Nonnegative solution of linear equations

> Id t wHy O
consider system
. & 00< O
Ax:b, XEO S g[;()__o
r(0) =
o -bly Aly =2
» dual function is g(A4, v) :{ OOV othverwise Dm:-l Ao
B < o+, )\ELO
3(},‘\]}?—-1

> can express strong alternative of Ax =b, x > 0 as
Alv >0, blv < -1

(we can replace b’ v < -1 with b'v = —1)

(/o 1S &@ﬁ,ﬂn(( = .ii:f;\ ‘s also Q_@.ﬂ,;‘a\e)
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Farkas’ lemmma

» Farkas' lemma:

Ax <0,

are strong alternatives

C

T

x<0 and Aly+c=0,

> proof: use (strong) duality for (feasible) LP

Convex Optimization

minimize el x

subject to Ax <0

Boyd and Vandenberghe

y > 0
N2,
o (1) = i c'xa N
— [n)\ CC'*‘ATA) X
_ O C‘\:Aj&\:o
{_,ao else
=D DM—\
VWX O
s.t. AT3+C:D
Y >0
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Investment arbitrage

Vi is the payoff or final value of asset j in outcome i

> we invest x; in each of n assets 1,...,n with prices py,...,p,

> our initial cost is p’ x

> at the end of the investment period there are only m possible outcomesi=1,...,m
126\

>

>

first investment is risk-free (cash): py =1 and V;; =1 for all ¢

ey sk e oI codcoms , e 1T
40\ R .

/V‘“*x N
arbitrage means there is x with p'x <0, Vx > 0

\4

> arbitrage means we receive money up front, and our investment cannot lose

> standard assumption in economics: the prices are such that there is no arbitrage

Convex Optimization Boyd and Vandenberghe 5.36



Absence of arbitrage Adsihege

iﬂ'(xé_e, C'x¢o Ty <O —NVy+pP=0
©

U

b.’t‘ﬁ c20, Y=ZO Ux=Z© NZ
by Farkas' lemma, there is no arbitrage < there exists y € R} with V'y =p

since first column of V is 1, we have 17y =1 X A Vmﬂog\qrmnl vekor.
y is interpreted as a risk-neutral probability on the outcomes 1,...,m

V!y are the expected values of the payoffs under the risk-neutral probability

vV v v v V

interpretation of V!y = p:

asset prices equal their expected payoff under the risk-neutral probability

> arbitrage theorem: there is no arbitrage & there exists a risk-neutral probability
distribution under which each asset price is its expected payoff

Convex Optimization Boyd and Vandenberghe 5.37



Example

1.0 0.5 0.0 [0 L0
1.0 0.8 0.0 3
V = , p=1 09 |, p=1 0.8
1.0 1.0 1.0 0.3 0.7
1.0 1.3 4.0 |
> with prices p, there is an arbitrage
62 00
x=1 =7.7 |, pTx = —0.2, lTx = 0, Vx = '
15 0.00
| 2.19
> with prices p, there is no arbitrage, with risk-neutral probability % M-blmf thus (5 MO
0.27 1.0
y=1| o viy=1 0.8
0.26 0.7
0.11 ’
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