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Abstract

One eventual goal of bioengineering is to build complex biological machines that fully

realize the unique potential of biotechnology, namely adaptation, survival, growth, and

dominance. In order to do so, not only do we need theoretical understanding and

reliable manufacturing of biological parts and components, we also need a systems theory

that captures fundamental structures to obtain insight about the space of all possible

behaviors when parts are put together. This enables us to understand what can and

cannot be achieved. Examples from other engineering disciplines are Turing machines for

computers, information channels for communication networks, linear input output systems

for electrical circuits, and thermodynamics for heat engines. This work is an attempt at

developing a systems theory tailored to biomolecular systems in cells. The results form the

following statements.

Biomolecular systems are binding and catalysis reactions. Catalysis determines the

direction of change, while binding regulates how the catalysis rates vary with reactant

concentrations. Given a binding reaction network, the full range of regulatory pro�les can

be captured by the reaction orders of catalysis, which in turn is constrained in polyhedral

sets determined by the stoichiometry of binding. This constitute a rule, that since cells

control catalysis by binding, cells control catalysis rates by regulating reaction orders

constrained in polyhedral sets. This rule has rami�cations in several directions. On

metabolism, by incorporating the constraint that reaction orders of metabolic �uxes, not

the �uxes themselves, are controlled, we can predict metabolism dynamics directly from

network stoichiometry, e.g. glycolytic oscillations and growth arrests. This is a fully

dynamic upgrade of �ux balance analysis, a popular constraint-based method to model

metabolism. On systems biology, this rule derives a method of biocircuit analysis based on

the full range of values that reaction orders can take. This allows discovery of necessary

and su�cient conditions for a circuit to achieve a certain function, thus revealing regimes

hidden by traditional methods of analysis. It also promotes holistic comparisons of di�erent

circuit implementations, e.g. activating versus repressing, thur enabling biocircuit design
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where we know when a design will work, and when a design will fail. On dynamics

and control of biocircuits, reaction order can work as a robust basis for stability, perfect

adaptation, multistability, and oscillations. Lyapunov functions and dissipative control

theory tailored for biomolecular systems are constructed based on reaction orders. On

the mathematics of biology, it relates bioregulation to convex polyhedra, log derivative

operator decompositions, and fundamental rules of calculus for positive variables.
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Chapter 1

Introduction: constraints and hard limits,

systems theory, and biocontrol

This thesis makes two main contributions to understanding biomolecular systems in

cells. One, biomolecular systems consist of two types of reactions, namely binding

and catalysis reactions. Like mass and force constitute the core structure of mechanical

components, binding and catalysis constitute the core structure of biomolecular reactions

in cells. Catalysis determines the direction of change (in molecule concentrations), while

binding governs how the catalysis �uxes are regulated (by molecule concentrations). The

regulatory pro�le of catalysis �uxes is therefore determined by the network of binding

reactions. Because the regulation of catalysis �uxes by molecule concentrations requires

solving intractable systems of polynomial equations from the steady states of binding

networks, previously this can only be determined for speci�c scenarios under restrictive

assumptions, e.g. substrate is much more than enzyme in Michaelis-Menten [57] and

enzyme state-counting models in statistical physics [35, 88, 91]. However, recent advances

in understanding natural biological regulatory circuits and engineering synthetic circuits

achieve highly dynamic or combinatorial regulations [9, 10, 32, 83, 103, 122], violating

these restrictive assumptions. Therefore a theoretical framework to characterize the

full regulatory pro�le of binding networks on catalysis �uxes, while circumventing the

intractability of polynomial equations, is needed. This thesis �nds an alternative approach

to characterize the full regulatory pro�le by focusing on the reaction orders of the catalysis

�uxes in molecule concentrations, rather than the �uxes themselves. The full regulatory

pro�le of a binding network is then shown to be polyhedral sets of reaction orders,

determined directly from the stoichiometry of the binding network. As a result, we can

analyze biocircuits in a holistic fashion, revealing hidden functional regimes and predict
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when circuits would fail. So the �rst main contribution is de�ning the core structure of

reactions in biomolecular systems, namely binding and catalysis, and �nding a method for

its holistic analysis, namely reaction order polyhedra. This is discussed in Chapter 2 and 3.

The other main contribution is a formulation of biomolecular reactions in cells as metabolic

machines, where the reaction orders, or exponents, of metabolic �uxes are controlled.

This formulation is a logical extension of the previous contribution. Since cells regulate

metabolic �uxes by binding reactions, and the regulatory pro�le of binding reactions is

adjusting reaction orders in a polyhedral set, cells control metabolic �uxes by adjusting

their reaction orders or exponents. This rule, which we term �ux exponent control (FEC),

allows us to formulate metabolism dynamics in cells as a problem in control theory on how

regulatory mechanisms, e.g. enzyme allostery, control the exponents of �uxes. Similar to

how the Langrangian formulation can study the dynamic behavior of any given mechanical

system in terms of its response to applied forces, FEC can study the dynamic behavior of

any given metabolic system in terms of its response to adjustments of �ux exponents. This

opens up the frontier to systematically de�ne, categorize, and study metabolic machines in

terms of their structures in metabolic stoichiometry and �ux exponents.

As a general systems-level formulation of metabolic networks, FEC also makes practical

improvement over existing methods to quantitatively study metabolism. Data on metabolic

networks are sparse, in the sense that the stoichiometry of metabolic reactions can be

reliably understood, but the regulatory mechanisms of the metabolic �uxes, e.g. enzyme

allostery, are largely unknown beyond a few well studied pathways. As a result, constraint-

based methods, such as �ux balance analysis (FBA), that use the sparse reliable data as

constraints, and study the set of possible biological behaviors, have been widely applied to

understand metabolism. However, existing constraint-based methods such as FBA mainly

use metabolic stoichiometry as constraint, while allowing all �uxes to be adjusted. This

does not capture intrinsic dynamics of metabolism, such as glycolytic oscillations and

growth arrest, that are often the reason for metabolic regulation. FEC serves as an upgrade

to existing constraint-based methods by naturally incorporating intrinsic dynamics of

metabolism, and therefore can study dynamic properties from hard constraints. This

is achieved by including a fundamental constraint on bioregulation of metabolic �uxes

in addition to stoichiometry, namely that cells control metabolic �uxes by adjusting

their exponents. Another approach to understanding metabolism is by studying hard

limits that hold for arbitrary regulatory mechanisms, invented in [25] where limit-on-

performance theorems from control theory are applied to explain glycolytic oscillations.

FEC also upgrades this approach by formalizing generic metabolic networks into control
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systems, where exponents of �uxes are adjusted by regulatory mechanisms. Therefore FEC

allows the study of hard limits on metabolism for general systems, e.g. conservation of

robustness or accuracy-robustness tradeo�s from feedback control of metabolic �uxes, akin

to conservation of energy and the principle of least action from the Lagrangian formulation

of classical mechanics. This is discussed in Chapter 4.

In this chapter, I provide broad discussions on the contexts that I am motivated by when

developing these results. Readers interested in concrete results and technical contents

may skip this and move on to the other chapters. The hope is that the contexts could help

the reader understand where I come from, what I aim for, and where I am going next.

Ultimately, I cannot make contributions more than what the mental picture of my �pathetic

thinking� suggests [56]. Ideally these discussions could serve as a check on the general

�mental model� of biomolecular systems in cells with the reader. The discrepancies pointed

out in this check could reveal my limitation in reasoning and motivate the reader to make

improvements, or at least caution the reader when reading the rest of this thesis.

There are four points about the context that I am motivated by: bioengineering as a

potential industry, constraints and hard limits, catalysis at the core of biological activity,

and dynamics as the reason for most bioregulatory mechanisms.

One of the eventual goal of bioengineering is to engineer biomolecular systems in cells

as biomachines to perform diverse functions, such as adaptation, survival, growth, and

dominance. Importantly, to enable an industrial revolution based on technologies from

bioengineering, design and manufacture processes of biomachines need to be scaled

up so that they become routine, instead of risky, explorative, and requiring experienced

craftsmanship. Looking at other mature engineering disciplines, such as classical mechanics,

this scaling up requires foundational theoretical understanding on two fronts: elicitation

of core structures on the components level, such as Newton's laws of mass and force, and

a systems theory on the machine level, such as Lagrangian formulation of mechanical

structures subject to applied forces. This is in contrast to the typical trial-and-error, or

�model, simulate, �t data� approach currently popular in bioengineering, which does not

scale. Therefore, this thesis aspires to build a foundational theory on both components and

systems level for biomachines. This is the �rst perspective taken in this thesis, elaborated

in Section 1.1.

Second, against the myth that �anything is possible in biology�, this thesis emphasizes the

constraints and hard limits on behaviors of biomolecular systems. In other words, I take

the view that constraints and hard limits are not in con�ict with the diversity of biological

behaviors, but rather guides us and enhances our understanding of this diversity. This
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means that I strive to capture the space of all behaviors that a system is capable of, and

understand its speci�c behaviors in particular scenarios in this context. This perspective is

important because for machines to be useful, they are built to be both restrictive in certain

aspects, yet universal in other aspects. For example, electronic computers can only do bit

�ips, but is capable of general computations; cars can only drive rotational motions on

wheels, but can traverse diverse paths on roads. This restrictive yet diverse property of

machines is sometimes called �constraints that deconstrain� [38]. To understand it, we see

that machines consist of several layers in a hierarchy, characterized by timescales of their

modi�cations. For example, from a machine's de�ning structures (slowest at the bottom),

to its tunable parameters (faster in the middle), to its input-output behaviors in action

(fastest at the top). A speci�c behavior in a particular scenario of one machine is the result

of specifying everything in all layers of the hierarchy. To obtain insights on biomachines

that hold on longer timescales, we need constraints and hard limits based on information

of just lower layers of the hierarchy. This perspective is also discussed in Section 1.1. As an

illustration of constraints and hard limits on biomachines, the example of autocatalysis

processes is considered in Section 1.4.

Third, this thesis aims to develop rules and principles as well as corresponding mathematical

tools tailor-made for structures in biology, rather than straightforward borrowing from

other disciplines. In particular, this thesis considers catalysis as the core of bioactivity,

since most actions in biology happen through catalysis. On the components level, each

catalysis reaction is regulated by binding reactions. So I consider the core structure on

the components level of biomolecular systems in cells as catalysis and binding reactions,

akin to force and mass for mechanical components. Catalysis, like force, determines the

direction of change, while binding, like mass, governs how the change is regulated. On the

systems level, again motivated by catalysis as the core of bioactivity, this thesis focuses

on biomolecular systems in cells as metabolic machines, serving the function of adjusting

metabolic �uxes. This perspective is motivated by a general conception that catalysis, such

as in metabolism, is the foundational biological behavior that most other behaviors build

on top of. This is discussed in Section 1.3.

Lastly, this work considers dynamics as the major reason for most regulatory mechanisms in

biology, therefore takes the perspective of biocontrol. As an example, although homeostasis

is one of the hallmarks of biological behavior, a stable steady state is not guaranteed but

instead achieved only via elaborate regulatory architectures. This perspective is illustrated

by an intuitive inspection of autocatalytic processes in Section 1.4. Autocatalysis is one of

the core processes of all life, from energy generation to growth. However, autocatalytic
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processes are intrinsically unstable, therefore any homeostasis maintained on top of

autocatalysis requires active regulations. Biocontrol can analyze instability and the

necessary regulations explicitly, as well as reveal hard limits on system performance. In

Section 1.4, hard limits due to instabilty of autocatalysis from the perspective of biocontrol

is compared with constraints from stoichiometry and thermodynamics, as an illustration

of constraints and hard limits on biomachines.

1.1 Systems theory as foundation of an engineering industry

There are two main contributions of this thesis: one on the components level, and one on the

systems level. The main result on the components level is a principled way of formulating

and analyzing biomolecular systems, namely as networks of catalysis and binding reactions.

By principled, I mean similar to how Newton's laws enable our reasoning of systems with

mechanical components: (1) all mechanical components can be speci�ed by force and

mass; (2) force and mass interact in a particular way speci�ed by Newton's laws, so that

force determines the direction of motion, while mass determines how the force-motion

relation is regulated; (3) to analyze or design a mechanical system is to analyze or design a

system of force and mass (see Figure 1.1). In other words, Newton's laws formulate force

and mass as the core structure of mechanical components in any system, and this serves

as the universal protocol (the middle knot of Figure 1.1) that all behaviors of mechanical

components (on the left) are converted to, and all methods of analysis and design (on the

right) are applied to. In short, one result this thesis strives to deliver is a core structure,

namely binding and catalysis, that does the same thing for biomolecular systems in cells.

On top of the core structure, just like calculus was invented or adapted to describe the

mathematical structure in mechanical systems' behaviors, this thesis also develops reaction

order polyhedra as a tool to describe regulatory pro�les of binding network on catalysis

�uxes.

The other main contribution of this thesis is on the systems level: biomolecular systems

in cells is formulated as metabolic machines acting on metabolic �uxes, with external

adjustments of �uxes' exponents. This is a systems theory of biomolecular systems,

similar to how Lagrangian mechanics formulates mechanical systems as a structure made

of mechanical components and subject to applied forces. A systems theory de�nes an

abstract class of machines for a generic purpose or function, and characterizes the space

of machines, or systems, in terms of the structures that connect the components into a

machine (see Figure 1.2). To come up with a systems theory, we need a formalization of

the constrained mathematical structures from the components level. For example, while
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Figure 1.1 Mass and force serve as the core structure of mechanical problems.

each mechanical component has its own position, velocity, and forces, these variables are

constrained due to the structural connection that put them together into a machine. The

Lagrangian formulation of mechanics, as a systems theory, then builds these constraints as

its foundational mathematical structures so we can focus on functions at the machine level.

Once a systems theory is de�ned, it enables fundamental characterizations of a class of

machines that often take the form of hard limits on machine performances. By hard

limits, I mean similar to conservation of energy for mechanical systems, and conservation

of robustness for control systems, that characterize what these systems can and cannot

do in a fundamental way. In particular, conservation of robustness shows that fragility

cannot be fully mitigated by control design, but only shifted or re-distributed [104]. This

provides a coordinate to view control system design in terms of unavoidable tradeo�s of

di�erent performance metrics, guiding the development of the discipline. It also shows

that unstable plants (i.e. processes to be controlled) make control problems harder and the

resulting system more fragile, in a way that cannot be mitigated by control design. This

places control design at the interface with external constraints from physical limitations of

hardware, in turn deepening our understanding of control problems at large, beyond just

controller design. For example, problems with di�erent physical limitations then constitute

control problems with di�erent �hardness�, in a fundamental way. This hardness is then

to be tackled outside of control design, such as by means of hardware engineering or

materials design. In short, the second result that this thesis strives for is a systems theory

of biomolecular systems in cells as metabolic machines, de�ned through constrained

structures of bioregulation. The hope is that this provides a systematic way to study generic

metabolic systems, enabling the study of hard limits on what biomolecular systems can

and cannot do, and guiding the development of biocontrol methods.

To better see why these two types of results, core structures on the components level and a
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Figure 1.2 A systems theory de�nes a class of machines for a purpose or function. It takes components with
diverse properties, and utilizes core structures on the components level to connect to machines with diverse
structures and resulting performances.

systems theory on the machine level, might be useful, let us start with some context for

motivations of my research. The goal of my research is to push towards a bio-industry that

can tap on the unique capabilities of bio-organisms, namely adaptation, survival, growth,

and dominance. Not as a sub-industry or a technique in chemistry, medicine, materials,

or health care, but for bio-industry to be an industry with its own unique capabilities

that enable other industries, like the rise of digital networks or AI industries. There are

examples of employing such unique capabilities in certain �elds, such as agriculture, cattle

breeding, or tree-growing to reverse deserti�cation. The rise of bio-industry should enable

systematic and routine application of engineered bio-organisms that adapt, survive, grow,

and dominate to suit societal needs.

To think about how the rise of bio-industry can happen, it is helpful to provide a historical

perspective, albeit simplistically. Supposedly an industry is based on some advance

in engineering technology, which in turn is based on scienti�c knowledge. Scienti�c

knowledge about the world is accumulated from a sea of observations (see Figure 1.3).

Based on a set of closely-related observations, a phenomenon or a heuristic rule can be

summarized, and used as a working knowledge. For example, ancient astronomy was

based on heuristic rules of how certain planets seem to move, accumulated from many

observations of the sky. From several such heuristic rules, a more general phenomenological

model, or mathematical law, can be formulated, e.g. Kepler's law of planet motion. From

several such phenomenological laws, the fundamental structure of a large class of problems

can be formulated, e.g. Newton's laws of mechanics. This view of scienti�c progress

can be seen as a funneling process from larger and larger sets of observations to smaller

and smaller sets of rules that reveal structures of the problem that are more and more

fundamental. There are of course further relations among the rules and further dynamics
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Figure 1.3 Scienti�c progress as a funneling process of rules that capture the core structures of components.

within this funneling process that we are not going into. One example is the emergence

of rules and laws on a larger scale from smaller scale ones, as exempli�ed in chemistry,

statistical physics, and �uid mechanics. Another example is the feedback from a rule as

motivation to seek particular kinds of observations, as in hypothesis-driven experiments,

and the invalidation of wrong rules.

On top of this scienti�c progress, from any rule at any stage, it can be used as a basis

for engineering (see Figure 1.4). For example, a simplistic engineering directly from

observations would be that from several observations of apples falling down from trees,

we can use this to harvest apples by waiting for apples to fall. A more fundamental rule

capturing the core structure of a wider class of components would yield engineering

techniques that can be applied to wider classes of problems and generate more ways to

solve a problem. For example, while Kepler's laws can only be applied to planetary systems

similar to a planet around a star, Newton's laws can be applied to more complex planetary

systems such as three-body problems, as well as other tasks such as calendar keeping,

projectiles such as catapults, and �uid motion.

However, when a scienti�c law is used to solve an engineering problem, it is not as simple

as just straightforwardly applying it. The reason is that an engineering problem is often not

of analysis, but of design. While the components simply exist, with properties summarized

by scienti�c rules, a machine needs a purpose to be conceived and then built. Given a
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Figure 1.4 On top of core structures of components from scienti�c progress, engineering progress is made
by coming up with systems theories. A systems theory de�nes a class of machines by formalizing the
constrained mathematical structure from the core rules of the components.

mechanical system of mass and force, Newton's laws can analyze it by specifying how

the components' position, velocity, force and mass relate. But it is nontrivial to even

formulate, let alone answer, a design problem based on Newton's laws. This is because the

components' variables have complicated internal constraints, and a purpose or function is

not naturally speci�ed in variables of the components. Furthermore, a design problem

is not analyzing a given system of components, but rather de�ning a space of possible

systems and then �nding one system for an optimizing objective. Given I want a rock

to move in a particular motion using some wood sticks, how to put together a machine

that is the right mechanical system to do it? We would need to de�ne the general class of

machines that can be built from wood sticks, and characterize how each machine design is

related to moving a rock, so as to optimize over the designs based on performances. In

mechanics, this is approached by alternative formulations of mechanical problems such

as the Lagrangian that build internal constraints of component variables from machine

structure directly into the formulation and describe machine behavior in terms of system

variables rather than components. These formulations also take mechanical control and

other domain-speci�c constraints more explicitly into account. As designs of mechanical

machines continue to evolve, new formulations of mechanical machines are still actively

invented today, e.g. to tackle cyber-physical systems in robotics.

This points to the need of an engineering systems theory when going from scienti�c rules

to solving engineering problems at scale. Given the core structures for the components

that will be used for an engineering purpose, we still need to de�ne a systems theory
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characterizing a class of machines by eliciting how the machine architecture of putting

components together relates to machine performance on the functional level (see Figure

1.4). This is more apparent from looking at some of the modern engineering �elds.

Thermodynamics is a systems theory for heat engines on top of gas laws etc. describing

system components; Kirchho�'s laws is a systems theory for electrical circuits on top

of ohm's law describing resistors and capacitors as components; linear time-invariant

input-output systems is a system theory for electronic signal processing on top of op-amps

as components; communication channel and its information transmission properties is a

systems theory for radio, phone, and internet; and Turing machine is a systems theory for

modern computers on top of transistors and band gaps as components (Figure 1.4).

A systems theory often o�ers two important contributions that make an engineering

discipline scale up to an industry. One, it takes the core structure of components from

relevant scienti�c progress and charts out the mathematical space of all possible systems

or machines relevant for an engineering problem. This allows systematic explorations in

the space of machines for useful designs, especially ones optimal for a certain objective.

Second, it can develop hard limits on machine performance based on general features of

machine structure. Examples of such hard limits are Carnot's e�ciency bound of thermal

engines, channel capacity of communication channels, undecidable halting problems for a

Turing machine, and Bode's conservation of robustness for control systems. By pointing

out fundamental limitations of the class of machines for an engineering problem, this

systems theory establishes a central coordinate or direction that aligns and compares all

designs and implementations of machines, thereby guiding development of a discipline.

In other words, a systems theory charting out the set of engineering systems relevant for a

problem and its hard limits is a crucial stage to begin solving an engineering problem at

scale.

In the context of biological engineering, this pursuit for scaling up is sometimes not

appreciated. There is an implicit but widely accepted notion, especially in bioengineering

academia, that theories are useful only to �t and explain experimental data by building

models and simulating them. Systems theories, in terms of general rules, axiomatic

formulations, and mathematical theorems that characterize the biological systems we deal

with, have not been successful, and therefore not necessary for bioengineering. Indeed, most

major advances in engineering novel functions in synthetic biology proceed by intuitive

reasoning of domain experts aided by model simulations and feedback from experimental

data. However, if industrialization of bioengineering is the eventual goal, then scaling

up both the design and manufacture processes are necessary. Current design-test-build
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cycles of bioengineering highly rely on the experience and craftsmanship of experts, often

taking several years of a top-tier PhD student just to have a chance at accomplishing one

design. While similar situations are true for the early stages of other mature engineering

�elds, as discussed above, eventually foundational systems theories were developed to

scale up both the education of engineers and the design-build-test process. In other words,

systems theories are at the core of enabling industrialization, where works that previously

involve high uncertainty and require experienced experts and extensive trial and error now

become routine and readily doable at scale. It is this scalability enabled by a systems theory

that I hope to achieve in this thesis when developing the systems theory of biomolecular

systems in cells as metabolic machines with control input on �ux exponents.

From this vantage point of systems theory aiming for scaling up, I note that most ideas in

this thesis are not new, but taken more seriously, made systematic, and developed to their

logical conclusions. For example, the idea that binding regulates catalysis dates all the way

back to Michaelis-Menten [57, 63]. My main contribution is in formalizing that this is the

core structure of biomolecular reactions. In other words, I propose that all biomolecular

reactions in cells consist of these two types of reactions, with binding regulating catalysis.

Placing this at the formal foundation of biomachine components has several implications.

On one hand, it claims that we do not need more. Binding and catalysis reactions form

a strict subset of all possible chemical reactions. This can avoid some pathology and

generality that arise in the study of general chemical reaction networks, which is one

obstacle in that discipline [93]. Indeed, without biological restrictions, it has been shown

that CRNs can perform Turing complete computations and produce arbitrary steady state

distributions [24, 90]. So binding and catalysis can also be seen as a regularization on the

space of chemical reaction networks by demanding realistic networks to be �biological�,

similar to demanding functions to be continuous or smooth in physical solutions of many

partial di�erential equations. This is also facilitated by concretely relating each reaction to

a physical process, so that one process always has a detailed and correct way to specifying

it, with other speci�cations corresponding to simpli�cations with explicit assumptions. On

the other hand, binding and catalysis claims that we can not have less. While assumptions

such as one species is much more abundant than another is often made for simplifying

assumptions in analyzing binding networks, we cannot restrict ourselves to always make

such assumptions. Instead, taking binding and catalysis as the components' core structure

demands that we characterize the full regulatory pro�le of binding on catalysis, and

analyzing speci�c scenarios and making restrictive assumptions within the context of the

full behavior.
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As another example, the idea that the exponents, or reaction orders, are what is important

for regulating catalysis �uxes is also not new. It was pioneered by Michael Savageau [97]

in his work on S systems in 1970s and has been included in many works on analyzing

metabolism, such as metabolic control analysis (see Chapter 13 of [30] for an introduction).

However, in those cases, the reaction orders are often taken as empirically useful quantities,

such as sensitivities or enzyme e�ciency, and used to interpret numerical simulations. This

thesis again takes this idea seriously and extends it to its logical conclusions. If reaction

orders are truly representative of bioregulation, then what is the space of all possible

reaction orders, and how do they relate to underlying regulatory mechanisms, namely

binding networks? In other words, what is the mechanistic basis of reaction orders? If

reaction orders are truly the quantity regulated when controlling metabolic �uxes, then this

is a severe limitation on cells' control of metabolism dynamics. What are the consequences?

The answers to these questions, which are logical consequences of the reaction order idea,

are important for developing a systems theory that formalize metabolic machines. Through

the work of this thesis, surprising properties about reaction orders are revealed when

exploring these questions. One is that reaction orders can often take arbitrarily large values

in certain directions, which are regimes that corresponds to rays towards in�nity (Chapter

3). Biologically, this corresponds to the important phenomenon of hypersensitivity (see

Chapter 2). This is rather unexpected from empirical and intuitive notions of reaction

orders in previous works, where reaction orders are motivated by saturation phenomenon

in Michaelis-Menten type enzymatic activities, so they are often restricted between 0 and

some small positive integer. In fact, because Hill functions or other Michaelis-Menten type

representations of enzymatic activities cannot naturally handle dependence on multiple

total concentrations, reaction orders as vectors in a multi-dimensional space is under

studied until this work. Another surprise is that restricting bioregulation of �uxes to

adjusting their exponents is actually the natural way to preserve intrinsic dynamics of

metabolism (see Section 1.4 and Chapter 4). This observation only becomes clear after

con�dently taking the FEC rule as a genuine constraint on what cells can do and make it

into a constraint-based approach for modeling metabolism.

Our discussion in this section motivates why this thesis aims at formulating the core

structure of components and a systems theory of machines for biomolecular systems in

cells. Inspired by other engineering disciplines with mature industries, I consider work

on these two directions as crucial developments in enabling bioengineering to scale up

into an industry. With this in mind, Section 1.3 describes why catalysis is at the center of

core structures and systems theory for biomolecular systems in cells. The core structure

of binding and catalysis is in terms of how catalysis is regulated, and the systems theory
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of metabolic machines is in terms of catalysis �uxes in metabolism as machine function.

The next section, Section 1.2, discusses how can systems theory of machines be useful. In

particular, how can constraints and hard limits on machines be possible, given that there

are examples of machines with extreme diversity in behavior, such as computers, neural

networks, and biological organisms.

1.2 Constraints and hard limits characterize properties of

machines

In this chapter I provide broad discussions for trying to understand biological behaviors

through constraints and hard limits, which is one of the perspectives taken in this thesis. In

biological science, there is a general sense that anything is possible in biology, that there is

an exception to every rule. However, in traditional quantitative disciplines such as physics

and chemistry, we gain fundamental understanding by characterizing what the systems

cannot do. The most powerful rules and laws, like the second law of thermodynamics,

conservation of energy, or conservation of atoms and charges in chemical reactions, always

specify constraints on systems' behavior. This is even more true for engineering, where the

class of systems serving a purpose, or machines, are often de�ned at the very beginning

by a complete set of rules governing their basis of behavior. Kirchho�'s current and

voltage laws govern electrical circuits; de�nitions of states, symbols and transitions govern

automata and Turing machines; rigid bodies and their holonomic constraints de�ne a

mechanical machine such as a tower crane. Even for science or engineering disciplines

without a complete set of rules, a major goal, if not the highest priority one, is to uncover

such rules.

This appreciation for rules is not completely alien to biology. Rules, such as the central

dogma and that bio-organisms are made of cells, are at the foundation of many science and

engineering e�orts in biology [54, 56]. However, when such biological rules are formulated,

it seems they always have exceptions, and often important exceptions. So we have this

phenomenon that many useful rules are applicable to di�erent classes of scenarios, but

they are brutally violated in many other classes of scenarios. One popular reaction to

this, especially given the power of modern molecular biology tools, is that no rules are

general; hard limits do not exist; we just have to understand by probing all the details down

to the molecules. This view has the strength that some important biological details are

well respected, instead of ignored because they do not �t a preconceived theory. I would

encourage some optimism on top of it by observing that at least conservation of energy
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still holds everywhere in biology, and so does conservation of atoms and charges. In fact,

biology is even more constrained than chemistry because the pressure, temperature, and

the scale of energy available are quite restricted. So from this line of thinking, we begin to

have hope that constraints and hard limits should exist in biology, at least more so than

chemistry. However, this immediately reminds us of all the fascinating enzymes, proteins,

lipid membranes and other molecular dances that are quintessentially biological, that they

seem to defy any summary. I argue that this is not because biology violated the constraints

we just described. But on the contrary, it is exactly because of these many severe constraints

that life has to evolve and �nd diverse ways to achieve objectives within the constraints.

This is sometimes referred to as �constraints that deconstrain� [38]. Many examples of this

phenomenon can be seen in engineered devices. By committing to just 0s and 1s, digital

computers are severely constrained in what it can do on this basic level: �ipping bits. But

on top of this severe constraint, generality and diversity in a totally di�erent sense, namely

information storage and processing by software, can be achieved. Below 0s and 1s, another

totally di�erent kind of generality and diversity is also achieved by allowing all kinds of

hardware to implement bit �ips and therefore digital computers. Both the diversity on top

and diversity below are achieved without ever violating the constraint of just using 0s and

1s and doing bit �ips.

To reconcile all this and reason about how constraints and hard limits can be derived for

biology, we need to make a distinction between two kinds of rules: scienti�c rules on

components, and engineering rules on machines. Scienti�c rules capture the core structures

of objects' behavior based on observations. For example, mechanical properties of wood

sticks capture how they respond to forces, generally formulated in terms of Newton's laws

on mass and force. Engineering rules capture the systems theory describing a class of

machines, an abstract conception serving a purpose or function, and characterize it by

relating the structures of how components are put together with machine behavior. On top

of a systems theory, the class of machines can also be characterized by deriving the hard

limits and laws governing this class. For example, catapults, as a class of systems serving

the purpose of shooting a projectile, can be described by the systems theory of Lagrangian

mechanics on catapult-shape mechanical structures, and has hard limits on the conversion

from elastic energy of ropes to kinetic energy of boulders.

These two types of rules also govern systems in reality in di�erent ways. Core structures are

empirical summaries of the common properties that many objects share. These are therefore

descriptive, and naturally restricted to the systems where the observations were made. So

the process of obtaining core structures also includes understanding the boundary where
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this core structure holds. When we discover an object that violate a certain core structure,

it does not make the core structure useless, but instead just clari�es the boundary within

which the core structure applies. Hard limits and laws, on the other hand, are based on a

systems theory, where a class of machines to be studied is completely de�ned, usually in a

mathematical sense. A systems theory is often de�ned via mathematical abstractions of

machine architectures, i.e. how components are put together to make up a machine and

perform a function. This guarantees that hard limits and laws derived from the systems

theory actually govern any machine put together to function in the prescribed way. For

example, the systems theory of Turing machines governs any machine with components of

states connected by state transitions, performing the function of reading input symbols and

writing output symbols. As another example, the systems theory of Lagrangian mechanics

govern any machine with components and junctions satisfying mechanical rules subject

to externally applied forces. As a further example, Kirchho�'s laws govern any machine

made by interconnecting components with current-voltage-like input-output pairs. So

a systems theory takes some physical boundaries of core structures on the components

level, and integrate it with mathematical boundaries on machine architectures, to form the

space of a class of machines. Then hard limits derived on top of a systems theory holds for

all machines that satisfy both the abstract machine architecture in a mathematical sense,

and the boundary of components' core structures in a physical sense. In other words, if a

machine is made by components put together in the same way as prescribed by a systems

theory, and the components satisfy the rules of core structures required by the systems

theory, then the hard limits governs this machine simply as a logical consequence.

With this distinction made, we see that biology has an exception to every rule in the sense

of an exception to every core structure summarized. But this is not surprising, since one of

the points of coming up with a core structure is to de�ne the boundary where it applies.

The same is true for all known rules from physics and chemistry. Therefore, while any

constraints, or scienti�c rules, from one core structure may not be applicable to all biological

systems, there exists core structures that govern wide classes of biological systems. In this

thesis, the main constraint from components' core structure is that binding's regulation of

catalysis has reaction orders constrained in polyhedral sets. This holds whenever the core

structure of binding's regulation of catalysis holds. In quantitative detail, we assumed,

and only assumed, time-scale separation that binding reaches steady state and that mass

action governs on-o� rates of binding reactions. Both are well-tested rules that govern a

wide range of biomolecular reactions. It is arguable that more restrictive constraints from

further assumptions on the components level, such as Michaelis-Menten approximations,

can also be applicable to a wide range of scenarios of interest. However, as discussed at
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the beginning of this chapter and in Chapter 2, there are many scenarios of interest in

bio-science and engineering that do not satisfy such assumptions. More importantly, even

if further assumptions are applicable for a given case, we would like to retain a holistic

view so that restricted scenarios can be analyzed in a holistic context. This way, when the

system is pushed out of the assumptions, such as in debugging of design-build-test cycles,

we always have a holistic view to go back to. This is at the core of how systems theory

can scale up design-build-test cycles of an engineering discipline, similar to how �uid

dynamics simulations scale up the aviation industry.

Then do there exist hard limits on biological behaviors? While hard limits on all possible

observed and yet-to-be observed life may be hard to �nd, if we de�ne a systems theory

based on some component core structures and some class of machine architectures, then

hard limits and laws on top of this systems theory holds for all biological machines

satisfying the prescriptions as a matter of logic. In this thesis, we consider biomolecular

systems in cells as metabolic machines with external adjustments of �ux exponents. This

formulation combines the constraints from core structure that binding regulates catalysis,

and the layered machine architecture from metabolism. The core structure from binding's

regulation of catalysis speci�es that this regulation is constrained in polyhedral sets

in terms of reaction orders. Therefore, since cells regulate catalysis �uxes by binding

reactions, and binding reactions regulate �uxes' exponents, we have cells regulate �uxes'

exponents. We term this constraint �ux exponent control (FEC). The layered architecture of

metabolism integrates this constraint into the function of metabolic machines. Metabolism

has unchanging and easy-to-characterize metabolic stoichiometry, while metabolic �uxes

are quickly varying and hard to measure. So we can consider stoichiometry as the bottom

layer with the �uxes regulated by higher layers. Then metabolic �uxes are regulated by

binding reactions, which make up the middle layer. Combined with the constraint from

core structures that exponents are regulated by binding reactions, the middle layer consists

of unchanging structures of binding reactions such as network topology and binding

energies, with exponents regulated by higher layers. The top layer then includes all the

ways to regulate the exponents, such as protein synthesis and degradation. See Chapter

4 for details. Together, the systems theory of metabolic machines with �uxes exponents

adjusted is de�ned by combining the FEC rule from core structures of binding and catalysis,

and the machine architecture from layers of metabolism. As a result, any conclusions such

as hard limits derived from this systems theory would hold for a metabolic system as

long as it is made of biomolecular reactions satisfying the core structure of binding and

catalysis, and has the layered architecture of metabolism described above.
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Figure 1.5 A cartoon illustrating how universality of a machine's performance in some metrics (a) can become
a tradeo� with additional metrics (b). (a). The blue rectangle indicates that all points in the positive orthant
can be achieved by a machine.(b). With an additional axis, the achievable points in this 3d space is on top of
the blue curved surface. While its projection onto the bottom 2d plane is still the blue rectangle as in (a),
in 3d space the corner close to the origin is not achievable. This constitutes a hard limit on the machine's
performance, or a tradeo� amongst the performance metrics.

Now we have argued that constraints and hard limits are indeed plausible for biomolecular

systems in cells, a further question arise: while a machine may be governed by constraints

from components and hard limits from system architecture, they may say very little about

limits on machine function. For example, a given computer has �xed architecture and

processes information using only 0s and 1s and performing bit �ips, yet it can achieve

universal computations. A car has a �xed architecture and its components are very

restricted in their properties, yet it can drive between a wide range of locations. A neural

network is de�ned with a �xed architecture, and its components are just linear threshold

units and nonlinear maps such as ReLU, yet it can approximate universal input-output

maps.

While it is true that �universality� in certain performance metrics may be achievable despite

constraints and hard limits, such universality is often an indication that other practically

important performance metrics are ignored. Once a performance metric closer to practice

is de�ned, often hard limits on performance from machine architecture become clear (see

Figure 1.5). In fact, while universality in certain metrics is important characterizations

of the ideal power of a class of machines, �nding additional metrics to turn universality

in one metric into a tradeo� in multiple metrics is often more useful in guiding practical

improvements for machine design and engineering.

To be explicit about where hard limits on performance may result from machine architecture,

let us consider the hierarchy of machine speci�cation that determines a machine's behavior

(see Figure 1.6). This hierarchy is de�ned in terms of the timescales that each layer can be

modi�ed. Given a class of machines de�ned by a systems theory, we specify a particular

machine via its architecture. This is slowest to change, because changing architecture is

usually considered switching to a new machine. Therefore the machine architecture is the

bottom layer. On top of the architecture, we often have parameters of the machine that



19

Figure 1.6 The hierarchy of machine behavior de�ned by timescales of modi�cation. Given a class of machines
de�ned by a systems theory, the architecture speci�es a machine. The architecture changes on the slowest
timescale, since modifying it is considered switching to a new machine. The parameters of the machine can
be tuned on a slower timescale. The performance of a machine is the input-output behavior under �xed
parameters and architectures. This changes on the fastest timescale, since the input varies on the functional
timescale.

we can tune on a faster timescale than modifying the architecture. The performance of a

machine is then de�ned by the input-output behavior of the machine with parameters and

architectures �xed. This is fastest, since inputs vary at the timescale of machine functions.

Let us take neural networks as an example to walk through how architectures may imply

hard limits on machine performance. Canonically, a neural network machine is de�ned by

its network architecture, i.e. how the linear threshold units, or neurons, are interconnected.

Then, when training a neural network to perform a certain task, say classifying pictures

in computer vision, we tune the neural network's parameters so that it approximates the

correct picture-to-category map. With the parameters adjusted, or learned from data, the

neural network can then perform input-to-output functions that classify any given picture.

In this context, it is often considered that this neural network is �universal� in the sense of

image classi�cation that by tuning the parameters, the same neural network can learn all

kinds of image classi�cation tasks, without modifying the architecture. However, it is also

well known that this universality holds even for a neural network with just two hidden

layers and a nonlinearity in between, as long as the size of each layer is large enough.

But this architecture is rarely used in practice. In fact, diverse architectures of neural

networks are invented to adapt to the need for di�erent tasks, such as convolutionary

neural networks for computer vision, and recurrent neural networks and transformers

for natural language processing. In terms of the performance metric of approximating an

input-output map, these architectures all have the same universality, therefore make no

di�erence. These architectures are invented for other performance metrics not included in

the previous description of neural networks as machines, such as network size, amount of

training data needed, and ease of tuning the parameters.
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Figure 1.7 A hierarchy of machine behavior with two performance objectives, motivated by training and
testing performance of neural networks. The output of the training task is parameters for the testing task.

To incorporate these practically important performance metrics in our systems theory

description of neural networks, we need to modify our de�nition of architecture, parameters,

and inputs-outputs. Since training is a large part of practical performance, we need to

consider both training and testing performances. For the training task, the input is training

data, and the output is parameters of the network. The output of this training task is

then fed into the testing task as parameters. This results in the hierarchy of machine

behavior with two layered performance objectives. Now, with the performance metrics

of both the training and the testing process taken into account, we see quite clearly that

architecture signi�cantly limits the machine performance of neural networks. In fact, most

important questions of machine learning research concern the training process, rather than

the testing process, with many innovations on the architecture layer to improve neural

network performance. This is another testament to architectures' limitation on neural

networks' machine performance.

We can similarly understand how architecture can limit machine performance for other

cases. For example, while cars can universally transport between locations, this universality

becomes a tradeo� that promotes diversity of car architectures when other metrics are

taken into account, such as speed, ease-of-care, machine longevity, and requirement on

road condition. In fact, we can go one step further. Transportation between locations is a

performance metric shared by several types of transportation carriers, from walking to

cars to trains to airplanes. In this case it becomes even more clear that the universality

of transportation between locations for these machines is hiding the necessary diversity

promoted by hard limits, or tradeo�s, on multiple performance metrics, such as speed,

accuracy, and price. Although we do not discuss it in this work, there are further implications

on this necessary diversity due to hard limits or tradeo�s, such as diversity-enabled sweet

spots [79, 80].
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As a concrete example relevant to biomolecular systems in cells, hard limits on regulation

of metabolic �uxes can take the form of a speed-accuracy tradeo� or a tradeo� between

steady state error and fragility to disturbances. This is exempli�ed in the work of [25]

that demonstrates how glycolytic oscillation is an inevitable side e�ect of enzymatic

regulations in glycolysis that adapts to steady state metabolite supply and demand. It is

based on the general theorem on conservation of robustness from control theory [39, 69,

104]. Furthermore, the autocatalytic stoichiometry of glycolysis worsens the tradeo� so

that oscillations are necessarily more severe, due to the intrinsic instability of the system,

making it fundamentally harder to control. This is also illustrated in Section 1.4.

From the discussion in this section, we distinguished between constraints from core

structures on the components level, and hard limits from systems theories on the machine

level. This makes it clear that biology has an exception to every rule is not in con�ict with

constraints and hard limits can be fruitfully applied to understand biological systems.

In terms of hard limits from systems theory, we discussed how a machine's apparent

universality in one performance metric may hide hard limits and tradeo�s in multiple

practically important metrics by looking at the hierarchy of machine behavior. Together,

this discussion motivates the importance of constraints and hard limits in characterizing

properties of biomachines.

In Section 1.4, hard limits on cells as metabolic machines from stoichiometry, thermo-

dynamics, and biocontrol are considered in a simple example of autocatalysis. I argue

that hard limits from dynamic properties, such as intrinsic instability of certain machine

architecture, are especially important. In the next section, I discuss how catalysis is at the

core of biomolecular systems' function in cells. As a result, the core structure and the

systems theory of biomolecular systems developed in this thesis are formulated around

catalysis and its regulation.

1.3 Bioactivity as catalysis, bioregulation as binding

Catalysis is considered the central activity of biology in this work. For biomolecular

systems in cells, this thesis formulates the core structure as binding's regulation of catalysis

reactions, and the systems theory as machines regulating catalysis �uxes in metabolism.

This central position of catalysis in bioactivity is motivated by viewing biomolecular

systems in cells from a thermodynamics or statistical mechanics point of view.

A cell, or a biomolecular system inside it, can be viewed as a bag of molecules inside

a big environmental bath consisting of many more molecules. For example, think of a
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Figure 1.8 A cell in an environmental bath of glucose solution.

vesicle inside an aqueous solution of glucose (see Figure 1.8). The bath is always full

of energy, i.e. it is far away from the lowest energy state, so it can serve as the source

of energy for life. From thermodynamics, we know such systems' overall behaviors are

characterized by bulk parameters, such as pressure / volume, temperature / entropy, and

chemical potential / molecule number. There are also more exotic parameters relevant

in less-common cases, such as magnetic interactions, but these are not central to our

discussion. Based on observations of what typically happen, we assume the cell cannot

modify these bulk parameters from the bath, but instead have to take them as given. This

is especially true for pressure and temperature. We also assume the environmental bath is

relatively stable in itself, therefore the bath is constant for the timescale of the cell. For

example, although a lower energy form of glucose is carbon dioxide and water, glucose

does not spontaneously degrade in water at a timescale relevant for cells (half life is 96

years [115]). Together, thermodynamics dictates that the long-time dynamics of the cell

is to converge towards equilibrium with the bath. This means, in addition to the cell's

pressure and temperature tending towards those of the bath, the molecular concentrations

in the cell also become equal to the environment, via processes such as di�usion, transport

or chemical reactions. In the vesicle in glucose solution example, this means in the long

run, the vesicle should become the same glucose solution as the environment. But we don't

see this as a typical behavior for cells! We typically expect there is higher pressure inside

the cell, the temperature does not necessarily follow the environment, pH in the cell can

be drastically di�erent from that out of the cell, and glucose in the cell gets burned into

carbon dioxide and water on a very fast time scale. This means although the cell cannot

change the bath, it somehow keeps itself away from converging towards equilibrium with

the bath. The secret is that cells are able to take reactions that are slow or not possible in the

environment and make them happen fast inside the cell (see Figure 1.11). In other words,

cells take in molecules that are stable in the environment, and make them unstable through

catalysis reactions to unleash the energy in these molecules. To how this is plausible from
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Figure 1.9 An intuitive landscape of the cell with bath �xed.

Figure 1.10 The overall landscape of the cell and bath system.

a thermodynamics perspective, let us use an energy landscape analogy.

Intuitively, we can imagine the cell is a point in an energy landscape de�ned by the

bath. Height, or vertical z-axis, corresponds to energy, and x-axis corresponds to varying

molecule concentrations of the cell, for example (see Figure 1.9). By default rules from

thermodynamics, the cell would tend to the cell-lowest-energy point to be in equilibrium

with the bath. In the vesicle in glucose solution example, this means the conditions in

the vesicle becoming equal to the solution. We can visualize the landscape along the

x-axis as relatively �at to illustrate that skiing down the landscape, or this process towards

equilibrium with the bath, happens relatively slowly.

On the very slow time scale, however, we see that the bath is moving towards lower energy

states itself. It's just that this is so slow that the bath appears essentially constant. In
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Figure 1.11 By catalysis, the cell makes reactions that are too slow or not possible in the bath happen fast in
the cell, to keep it from becoming in equilibrium with the bath.

the example, the glucose in solution is also tending towards carbon dioxide and water,

but that is very slowly. This means the energy landscape the cell is in is actually larger

than what is de�ned by the bath, since the state of the bath itself is slowly moving. To

visualize this, we can imagine there is a y-axis that the whole (x; z)-axis landscape de�ned

by the bath can move along (see Figure 1.10). The landscape along they-axis is extremely

�at, but going eventually to a very low energy level, illustrating that the natural process

towards equilibrium along the y-axis is very slow, but there is lots of energy to dissipate.

In the example, the lowest energy state in the (x; z)-axis landscape is that the glucose

concentration in the vesicle is the same as in solution, but if moving along the y-axis is

included, then the lowest energy state is all glucose decomposed into carbon dioxide and

water, both in solution and vesicle.

Now we see that the cell can deviate away from the equilibrium track with the bath if it can

go down in energy along the y-axis faster than the bath! That is achieved by catalysis, and

keeping catalysis restricted to the cell. Visually, catalysis opens a new track along the y-axis

that goes down steeply, allowing the cell to tend towards the cell-bath's overall equilibrium

along a path that is not in equilibrium with the bath. Indeed this is steep, bringing

processes on hundreds-of-years timescale down to milliseconds! Therefore, although the

overall cell-bath system is always going down in energy, the cell can explore the landscape

outside the equilibrium-with-bath path and perform versatile behaviors by dissipating

energy faster-than-bath through catalysis. In short, cell activities are enabled by catalysis.

Given this, we see the core in understanding the behavior of cells is understanding how

catalysis is regulated. This motivates our central focus on catalysis, that the core structure

of biomolecular reactions is binding's regulation of catalysis, and the systems theory is

machines with inputs and outputs as catalytic �uxes in metabolism.

To formally describe this understanding that catalysis is the core of bioactivity, let us
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consider how biological catalysis reactions are di�erent from generic chemical reactions,

e.g. in chemical plants. To clearly denote catalysis reactions and their kinetics, we introduce

some basic notions from chemistry. Generic chemical reactions are divided into two classes:

elementary reactions and non-elementary reactions. We denote elementary reactions with

arrow ��! , and non-elementary reactions with squiggly arrow . Elementary reactions

are where molecules directly react to form products, with no intermediate. In practice,

this is de�ned by either no intermediate is detected, or no intermediate is needed to

explain the behavior of the reaction. Elementary reactions almost always are unimolecular

(one reactant molecule) or bimolecular (two reactant molecules). The rate of elementary

reactions follow the law of mass action. For example, reaction A k�! � happens with rate

kA, where k is rate constant and A denote the concentration of A. Reaction A + B k�! �

happens with rate kAB , and similarly 2A k�! � happens with rate kA2. This law of mass

action can be derived from a collision model of molecules, where reactant molecules move

around randomly and by a small chance collides with each other, in which case the reaction

happens [109]. Generic chemical reactions then can be considered as arbitrary systems

built from such elementary reactions.

In contrast to elementary reactions, reactions in cells are catalysis reactions with negligible

spontaneous rates. These catalysis reactions are not elementary, but can be decomposed

into several elementary steps, namely binding and conversion steps. This reaction happens

via the binding of a catalyst, such as an enzyme, with a substrate, to form an intermediate

complex, which is key for the catalyst's e�ect on lowering energy barrier. For example, a

simple enzymatic catalysis reaction in both forward and reverse directions can be written

as

E + S
k+

1� *) �
k �

1

C
k+

2� *) �
k �

2

C0 k+
3� *) �

k �
3

E + P: (1.1)

Here E is enzyme, S is substrate, and P is product. The enzyme E binds with substrate S

to form intermediate complex C, which gets converted into the enzyme-product complex

C0. The catalysis reactions here, which record the net change in molecules regardless of

whether it is in free or bound forms, are

tS
k+

2 C
tP ; tP

k �
2 C0

tS: (1.2)

Here tS is the total concentration of the substrate, de�ned as tS = S + C, the sum of free

substrate and the substrate bound in complex C. Similarly, tP is the total concentration

of the product, de�ned as tP = P + C0. Note that we used squiggly arrows here since

catalysis reactions are not elementary and involve more detailed steps of binding reactions.

Indeed, their rates do not follow mass action when written as non-elementary reactions.



26

Figure 1.12 The cores structure of biomolecular systems is binding and catalysis.

Instead, their rates follow from mass action on the network of elementary reactions in Eqn

(1.1)and the de�nitions of the totals. We denote the rates or �uxes of the catalysis reactions

by the symbols on top of the squiggly arrows in Eqn (1.2). For example, k+
2 C is the �ux of

the substrate to product catalysis reaction. The production rate of product from this �ux is

therefore proportional to the concentration of enzyme-substrate complex C. We often call

this complex C the active complex of the substrate to product �ux. Similarly, C0 is the active

complex of the product to substrate �ux. How the �uxes of these two catalysis reactions are

regulated then corresponds to how the concentration of active complexes depend on the

total concentrations, namely total enzyme, total substrate, and total product. In other words,

the regulatory pro�le of the catalysis reactions correspond to the functions C(tE ; tS; tP )

and C0(tE ; tS; tP ). Here the total enzyme concentration tE is de�ned by tE = E + C + C0.

These functions are determined by the steady state equations of the binding reactions:

E + S
k+

1� *) �
k �

1

C; E + P
k �

3� *) �
k+

3

C0: (1.3)

In other words, the regulatory pro�le of catalysis �uxes are determined by the network

of binding reactions. This motivates the core structure of biomolecular reactions in cells

as consisting of two types of reactions: binding and catalysis (see Figure 1.12). Catalysis

determines the direction of change, as in Eqn (1.2). Binding determines how the catalysis

�uxes are regulated, as in Eqn (1.3). Therefore, characterizing the regulatory pro�le of

catalysis �uxes, which is the central task of understanding bioactivity, is to characterize the

steady states of binding networks. This is the goal of Chapter 3, with introductions and

examples in Chapter 2.

To recap, like force and mass form the core structure of mechanical components, I have

argued that binding and catalysis form the core structure of biomolecular reactions. So,
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binding and catalysis reactions are the knot in the middle of a bowtie (see Figure 1.12). On

the left, components of biomolecular reactions in any system can be formulated into binding

and catalysis reactions. On the right, analysis and design of biomolecular components

corresponds to analyze and design networks of binding and catalysis.

Before we end our discussion on catalysis, I brie�y mention an alternative to our focus on

catalysis �uxes: the focus on catalytic enzymes. The enzyme state transitions formulation

has been popular in biophysics and o�ers some complimentary insights. The enzyme state

transitions formulation focuses on how the state of the enzyme molecule changes over

time. From a systems theory perspective, the focus on catalysis �uxes considers molecular

concentrations of the whole system, so a biomachine is acts on molecular concentrations

through metabolic �uxes. In contrast, the enzyme state transitions formulation focuses

on just an enzyme molecule, so a biomachine is just an enzyme molecule cycling in

states, ignoring upstream and downstream molecules' concentrations. This enzyme state

transitions formulation may not appear as natural for a biomolecular system in cells,

but it is the natural view when properties of the enzyme are in focus or when the state

of the enzyme carries important information. For example, performance of molecular

motors such as ATPase and myosin comes from understanding properties of their cycling

through states. For a gene that transition between repressed or activated states, such as in

developmental biology, the state itself may be of major importance. Therefore, the enzyme

state transitions formulation can be considered as looking at a metabolic machines through

magnifying glasses and focusing on each enzyme catalyzing every �ux. The properties

and constraints on enzyme state transitions can then be incorporated as constraints on

�uxes in metabolic machines.

As an example, we can take the binding and catalysis system in Eqn (1.1)and write the

following for the enzyme state transitions formulation:

E
k+

1 S
�� *) ��

k �
1

C
k+

2� *) �
k �

2

C0 k+
3�� *) ��

k �
3 P

(E): (1.4)

Here the last (E) denotes that this is a repeated state, the same asE, the free enzyme

state, at the beginning. So this is a 3-state loop. Note two transition steps, namely E to

C, and E to C0, have non-constant rates that depend on concentrations of substrate and

product. If we begin with high amounts of substrate and low amounts of product, the

state transitions have a net forward cycling in the direction E ! C ! C0 ! (E). With

the catalysis in mind, this net cycling converts substrates into product, therefore the rates

change over time, with forward cycling slower and slower, eventually balancing with the

reverse cycling, reaching an equilibrium. Such equilibrium at the state transition level
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satisfy detailed balance. Detailed balance means for each pair of states, the forward and

backward transition �uxes balance out, so there is no net cycling on any loop. To analyze

enzyme state transitions such as Eqn(1.4), it is often formulated as Markov chains with

constant rates, which assumes molecular species other than the enzyme are overabundant

in concentration. Methods solving generic Markov chains can then be applied [53, 76],

although the resulting solution may be too complicated to extract insight. The enzyme

state transitions can also be formulated as a nonequilibrium system with sparse driving at

certain transitions, as is often the case in biology, enabling better analytical insight (see

[72]). Further simpli�cations, such as assuming the enzyme states are at equilibrium, can

be fruitful for several scenarios, especially transcriptional regulation of gene expression

and enzyme allostery [88].

1.4 Constraints and hard limits from stoichiometry, thermo-

dynamics, and biocontrol on simple autocatalysis

Constraints and hard limits are the perspectives this thesis takes to understand biological

behaviors. In addition, this thesis considers dynamics as the main reason for many

regulatory mechanisms. In particular, homeostasis, one of the hallmarks of biological

behavior, is often achieved only via active regulatory mechanisms, due to the intrinsic

instability of many biological systems. As developing tools that characterize these require

some technical development not important for the discussion here, we illustrate these

perspectives using simple examples with short calculations or intuitive arguments here.

As an example, we consider simple descriptions of autocatalytic reactions. This is quite

worthwhile since catalysis is at the core of biological activity, so autocatalysis is at the core

of biological growth. Regarding constraints and hard limits, we show that stoichiometry

constrains the steady state �uxes, while thermodynamics relate metabolite concentrations

and Gibbs free energies to constraints on �ux directions and magnitudes. Regarding

dynamics and hard limits from biocontrol, we show that the intrinsic instability of

autocatalysis makes regulating it a problem similar to balancing a stick, which is hard

from our intuition, and is fundamentally harder than holding a stick downwards. Related

methods for calculations are discussed in detail in Chapter 4.

Simple models of autocatalysis

We can begin formulating simple descriptions of autocatalysis by modelling after autocat-

alytic reactions. One common example of autocatalysis is energy regeneration in glycolysis,
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Figure 1.13 Autocatalysis. (a). Autocatalysis has a positive feedback interaction between two lumped
variables of the system, which is intrinsically unstable. (b). A simple model of glycolysis capturing its
autocatalytic stoichiometry is described by two species, ATP and intermediate (Int), and two reactions,
consuming ATP to produce intermediate by activating glucose, and consuming intermediate to produce
more ATP (2-fold in the �gure). (c). Cartoon illustrating balancing a stick. (d). Stick balancing also has a
positive feedback interaction between its state variables, angle � and angular velocity _� , therefore intrinsically
unstable, just like autocatalysis.

where ATP is used to activate glucose, with more ATP generated eventually (see (b) of

Figure 1.13). To model this in a minimal way, we can lump detailed reaction steps together

and consider just two reactions, one consuming ATP to activate glucose, resulting in an

intermediate, and the other consuming an intermediate, producing more ATP. We can

denote the two molecular species involved generically as X 1 and X 2, with X 2 denoting the

target species of autocatalysis such as ATP, andX 1 denoting intermediate. If we normalize

the unit of concentration for ATP or energy charge such that the net production through

an autocatalytic cycle generates one unit of X 2, then we have the following dynamics of the

metabolite concentrations:

d
dt

2

4
x1

x2

3

5 =

2

4
� 1 1

1 + q � q

3

5

2

4
v1

v2

3

5 +

2

4
0

� 1

3

5w: (1.5)

Here q denotes the stoichiometry for the amount of ATP needed to activate glucose to

produce the intermediate. We also added an external �ux w that consumes ATP. This is

generic for autocatalytic processes, since the target autocatalytic species is always produced

for a consuming goal, such as an energy source or accumulated as part of biomass.

Accumulation into biomass is e�ectively consuming the species under exponential growth.

Other types of autocatalytic processes can be obtained based on whether the target species

X 2 and the intermediate X 1 are catalytic or consumed in the reactions. For example, if we

write a simple lumped equation for ribosomes catalyzing the production of itself, we may

write
d
dt

2

4
x1

x2

3

5 =

2

4
� q 1

1 0

3

5

2

4
v1

v2

3

5 +

2

4
0

� 1

3

5w: (1.6)

Here the second reaction is ribosomesX 2 catalyzing the production of its ribosomal parts

or intermediates X 1, and the �rst reaction is parts assembled into ribosomes. Because
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ribosomes work as catalysts, the stoichiometry matrix S has s22 = 0. The parameter q

here correspond to the units of intermediates needed to produce one unit of ribosome.

We choose the normalizations so that one autocatalytic cycle still produces one unit of

the target speciesX 2. Here the external consumption w now corresponds to biomass

accumulation or growth.

As another example, we can consider ribosomes asX 2 and RNA polymerases as X 1,

although in this case both may serve as the autocatalytic target. In this case, ribosomes

produce RNA polymerases, while RNA polymerases also produce ribosomes, both through

catalysis. Therefore we obtain

d
dt

2

4
x1

x2

3

5 =

2

4
0 q

1 0

3

5

2

4
v1

v2

3

5 +

2

4
0

� 1

3

5w: (1.7)

Here q is used to capture the di�erence in catalytic activities of RNA polymerase and

ribosomes.

Constraints from stoichiometry

With the simple models of autocatalysis de�ned, we immediately see that the stoichiometry

matrices play an important role in writing the dynamics of the system. Physically, we know

the stoichiometry governs what reactions can happen in this system. However, it seems

unclear whether the stoichiometry constrains what values the metabolite concentrations

(x1; x2) or the �uxes (v1; v2) can take in any way.

One way to clearly see the constraint on biological behavior by stoichiometry is to look

at the steady state �uxes. This is the basis for �ux balance analysis (FBA), one of the

most popular constraint-based approaches in modeling metbolism [60, 85]. We use the

glycolysis form of autocatalysis to illustrate this. At steady state, d
dt x1 = d

dt x2 = 0, so Eqn

(1.5) becomes a linear equation, which can be solved in the following way:
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So we see that the internal �uxes (v1; v2) are completely determined by the external �ux w.

To be speci�c, internal �uxes has 2 degrees of freedom, and the constraint from a rank-2

stoichiometry matrix at steady state eliminates 2 degrees of freedom, resulting in a unique

solution. This illustrates how stoichiometry becomes a constraint on how internal and

external steady state �uxes are related. The stoichiometry of the reactions involved, when

known, act as hard constraints on cell behavior, as unassailable as universal laws such as
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conservation of mass. Based on the stoichiometry constraint, we can strongly constrain

internal �uxes based on measurements of external �uxes.

That we obtain a unique solution of internal steady state �uxes here is of course not

common. Extra degrees of freedom on steady state internal �uxes are necessary for the

cell to have �choices� and perform adjustments based on environments at steady state. A

unique solution happens here because we used lumped descriptions, while a more detailed

stoichiometry matrix is often wide, and therefore not full rank. To illustrate what happens

when there are extra degrees of freedom at steady state, consider adding another reaction

with �ux v3. We can term this �ux growth, which just consumes ATP, but can be regulated

by the cell, and therefore constitutes an internal �ux.

d
dt
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Now the cell has an extra knob v3 to tune. To make the numbers simple, let us take q = 1.

The internal steady state �uxes then have one degree of freedom left from the stoichiometry

constraint, which we parameterize as follows.
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where c is a real constant that parameterizes the solution set. So we see that the steady

state �uxes v�
i can be split into two parts: the part determined by external �uxes which

depends on w� , and the part regulated internally which depends on c. In particular, we see

that any internal adjustment to increase growth consumption of ATP v�
3 will necessarily

require simultaneous increase of ATP and intermediate productions v�
1 and v�

2 in the same

amount. This is again hard constraints on all steady state �uxes that can happen, directly

from stoichiometry.

One might argue that while the stoichiometry can work as a strong constraint if it is

known for sure, but in reality it is hard know the stoichiometry for sure since one reaction

stoichiometry we write may actually consists of several detailed steps. This can be studied

by considering how much variation in behaviors can be fundamentally caused by changing

the stoichiometry in certain ways. Given that detailing one reaction into several steps keep

important structures intact, such as the overall autocatalytic structure, some results will

hold independent of the changes. Such results can be studied systematically using control

theory methods that compare responses between di�erent systems. See discussions in

Chapter 4.
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Constraints and hard limits from thermodynamics

One pitfall of just considering stoichiometry is that nothing can be said about metabolite

concentrations. Indeed, all the discussion above are about steady state �uxes. This is

because at steady state the metabolite variablesx i disappear from the equations. In fact,

steady state metabolite concentrations are determined by how the �uxes are regulated by

detailed mechanisms, such as speci�ed by functions vi (x ), where x denote the vector of all

metabolite concentrations in the system.

However, without knowing the detailed mechanisms, we can still constrain metabolite

concentrations by relating them to irreversibility or energy dissipation of the �uxes. Again

taking the glycolysis case to illustrate. Given that ATP at intracellular concentration

provides a very strong driving force, we may con�dently state that the �ux v1 is irreversible.

This in turn becomes a requirement that the free energy change of reaction v1 is negative,

which can be used to bound metabolite concentrations.

For example, we may take reaction v2 to represent glucose and 2 ATP react to 2 G3P and 2

ADP, the lumped ATP consuming half of glycolysis. We know the free energy change of this

lumped reaction under physiological conditions is � G2 = � 53:73 kJ mol� 1 (for red blood

cell, see page 584 of [48]). Free energy changes vary with concentrations multiplicatively

through 2:3RT log10 Q, where R is molar gas constant, T is temperature, and Q is reaction

quotient calculated by fold-change of product and reactant concentrations raised to the

power of their stoichiometry. So in this case, Q = ~� x1( ~� x2)� q, with glucose and ADP

ignored by assuming they are kept at constant concentrations. Here ~� x i means fold-change

of x i 's concentration compared to the physiological condition. Since 2:3RT is about 5:7

kJ mol� 1 at 25°C, we have estimated that ~� x1( ~� x2)� q � 109, and that the total variation of

intermediates and ATP away from their physiological concentration (in the right direction)

cannot be more than 6 orders. This is a rather loose bound, although not completely

impossible since ATP to ADP equilibrium ratio is about 10� 9 while physiological conditions

often maintain this at 10.

To get tighter bounds, we need to consider where the negative free energies go. When

reactions are kept at negative free energy change� G, each net forward reaction dissipates

this much energy. A large portion of it goes into driving the reaction forward at a rate much

faster than equilibrium kinetics. This is necessary since without driving, the reaction would

have an in�nitely small net �ux. Although not all free energy change is used to drive the

reaction because of other dissipation sinks such as enzyme vibrations, we can consider it as

an upper bound on how fast the reaction can be driven. To relate this to changes in kinetic
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rates out of equilibrium, existing theoretical frameworks take the enzyme view, so that the

forward reaction corresponds to the cycling of the enzyme through its states. The driving

and dissipation relation often used in nonequilibrium statistical physics is v� � = �T ([72],

also see Chapter 4), where� � = kB T log q+

k+ is the chemical potential required to drive the

equilibrium kinetic rate of forward direction k+ to the out-of-equilibrium rate q+ . kB the

Boltzmann constant is used here because such formula is often used in single enzyme

context. � denote entropy dissipation rate. v denote the net reaction �ux. For glucose

to G6P, while we do not know the equilibrium kinetic rate k+ , if the catalyzing enzyme

hexokinase does not have any activity when there is almost no ATP (at equilibrium ATP

to ADP ratio is less than 1 to 109), then we can take the spontaneous degradation rate of

glucose, which is estimated to be per 100years [115], or3 � 109 seconds. To estimate what

the driven rate q+ should roughly be, we can use widely a widely observed number that

glucose uptake per gram of dry weight of E. coli is on the order of 10 mmolper hour. Since

1 gram of dry weight has about 1012 cells, this means about6 � 108 molecules per hour per

cell. For a rich glucose concentration of 6 mm, there is about 6 � 106 glucose molecules in a

cell. So to achieve6 � 108 molecules per hour per cell, we need conversion of glucose at a

rate of 100per hour, or about one per 30 seconds. If we take this asq+ , then this require 108

fold increase from the equilibrium kinetic rates. This correspond to � � = 2:3RT � 8 = 45:6

kJ mol� 1 in molar units. To keep � G above this number, we can vary concentrations away

from physiological conditions without decreasing � G more than 53:7� 45:6 = 8:1 kJ mol� 1.

This corresponds to ~� x1
~� x � q

2 � 10
8:1
5:7 � 26. So the total fold change cannot be more than

26fold away from the physiological condition. This is a much tighter bound. Conversely,

this very rough estimate can mean deviations of concentrations from the physiological

condition in the worsening direction may drastically in�uence glucose uptake rate.

Hard limits from biocontrol

Previously, for constraints and hard limits from stoichiometry and thermodynamics, we

have focused on steady state �uxes and metabolite concentrations. However, we simply

assumed steady states exist, without ever checking that they are stable and therefore

achievable. If a steady state is not stable, then despite all the steady state analysis, it cannot

be achieved, and the metabolic system may have oscillatory or unstable behavior such as

some metabolites crashing to zero.

In fact, without active regulations, autocatalytic systems are intrinsically unstable, in the

sense that increase inx1 above the steady state value will cause increase inx2, which in

turn cause increase in x1, thus an upward spiral blowing up to in�nity. Alternatively,
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decrease inx1 below its steady state value will cause decrease in x2 which in turn cause

decrease inx1, thus forming a downward spiral crashing to zero. As regulatory motifs, we

can consider x1 and x2 positively in�uence each other, creating a positive feedback loop

(see (a) of Figure 1.13). However, unlike gene regulatory circuits, there is no saturation or

safety valve in metabolism, or cells crash before saturation thresholds are reached.

That autocatalytic systems are intrinsically unstable due to the autocatalytic stoichiometry

poses hard limits on what regulations on them can do. Requiring stability of the steady

state, for example, would pose lower bounds on the steady state error when the demand

�ux w is varied. More generally, a tradeo� between steady state accuracy and system

robustness is unavoidable for such systems. As a result of this, oscillatory behavior is

unavoidable when regulations are applied to adapt to changing demands, i.e. minimizing

steady state error. This is analyzed in [25] for the case of glycolysis, showing that glycolytic

oscillation is a necessary side e�ect of this tradeo�.

Instead of delving into the technical details to show these hard limits due to intrinsic

instability of autocatalysis, as is done in [25] and in Chapter 4, here we instead appeal to

the reader's intuition about a familiar intrinsically unstable system: balancing a stick (see

(c) of Figure 1.13). Indeed, stick balancing has been used as a tutorial example for system

fragility due to intrinsic instability [70]. Below, through standard calculations, we show

that the dynamic equations of balancing a stick have a similar form as the autocatalytic

equations in Eqn (1.5) and Eqn (1.6). As a result, our intuitions about the hardness in

balancing a stick, and the oscillatory movements of hand and stick when disturbed, all

pass down to hard limits on dynamics of autocatalytic metabolism.

Balancing a stick. For the sake of clarity, we derive the local dynamics of balancing a

stick following standard calculations. Balancing a stick by hand is the same problem as

balancing an inverted pendulum on a moving cart. Consider a stick of length `, with mass

m at the head, and we control the bottom of the stick on a horizontally moving cart (or

hand), which has mass M . Let � be the angle of the stick, so that � = 0 is straight up, and

� = � is straight down.

The equations of motion governing an inverted pendulum on a cart, the same as a hand

balancing a stick, is

(M + m)•x + m`( •� cos� � _� 2 sin� ) = u;

m(•x cos� + ` •� � gsin� ) = 0 :

Here x is the position of the cart or hand, with positive x in direction to the right. u is the

force applied to the cart or hand horizontally, also to the right. Linearize this around the
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static upright position, i.e. around � � = 0, so that � = � � + �� for small angle deviation �� ,

and similarly for all time derivatives such as � _� , � •� and � •x. We obtain

(M + m)� •x + m`� •� = u;

� •x + `� •� � g�� = 0:

Note the term _� 2 sin� disappears since it is a higher order term. These can be combined to

form the dynamics for the stick angle � :

(M + m)g �� � M` � •� = u:

Take the stick angle �� and its velocity � _� as the state variables, we obtain the following

system of equations.

d
dt

2

4
��

� _�

3

5 =

2

4
0 1

(1 + m
M ) g

` 0

3

5

2

4
��

� _�

3

5 +

2

4
0

� 1
M`

3

5u: (1.10)

We see that this stick balancing problem has a similar issue of positive feedback causing

downward crashes or blow ups that we anticipated in autocatalysis without active regulation

(see (d) of Figure 1.13). An increase in angle�� causes increase in angular velocity � _� ,

while an increase in � _� in turn causes �� to increase. Crashes or blowups in stick balancing

corresponds to the stick falling down.

To see the dynamic equation for stick balancing matching with autocatalysis exactly, let

us write out the local dynamics of autocatalytic systems without active regulation. The

passive dynamics of the reaction �uxes v1 and v2 come from their naturally increase with

the increase of reactants or catalysts. In other words, the local dynamics of v1 has positive

derivative in x1, and similarly v2 has positive derivative in x2. Denote these derivatives k1

and k2 respectively, we have v1(x ) � v�
1 + k1�x 1, where v�

1 is the steady state �ux and �x 1 is

small deviation of x1 from the steady state concentration x �
1, and similarly v2(x ) � v�

2 + k2�x 2.

So we can write out the local dynamics for the Ribosome-RNAP autocatalytic system in

Eqn (1.7).

d
dt

2

4
�x 1

�x 2

3

5 =

2

4
0 q

1 0

3
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4
k1 0

0 k2

3
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3

5 +

2

4
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3
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2
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0 qk2

k1 0

3

5

2

4
�x 1

�x 2

3

5 +

2

4
0

� 1

3

5 �w: (1.11)

We see that the local dynamics is exactly the same as that of the stick balancing system.

The other two autocatalytic systems in Eqn (1.5)and (1.6), have the same form of dynamic

equation after a slight change of variable. For example, the amino acid-ribosome system in

variable �y 1 = �x 1 + q�x 2, �y 2 = �x 2, has the same form as the stick balancing system.
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In summary, we see the dynamics of an autocatalytic system around a steady state has the

same intrinsic instability as balancing a stick around its upright position. Therefore, all the

hardness and limitations we intuitively understand about balancing a stick propagates in

full to regulating an autocatalytic systems. In particular, active regulatory mechanisms

are needed to maintain homeostasis for autocatalysis systems. This is an intuitive and

simple example illustrating how considerations on stability and dynamic regulation from

biocontrol reveal the necessity of regulatory mechanisms, and can impose hard limits on

bioregulation.
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Chapter 2

Polyhedral constraints enable holistic anal-

ysis of bioregulation

Biomolecular processes in cells happen through catalysis by enzymes. To regulate the rate

of these processes, substrates, regulator proteins, cofactors, and other helper molecules

bind with or chemically modify the catalytic enzyme to change its activity. Since state

transformation by chemical modi�cation can be considered a subcase of binding, we lump

them together and call them binding reactions. Understanding the pro�le of bioregulation

therefore constitutes characterization of all the ways that catalysis, or enzyme activities,

can be regulated by a network of binding reactions. However, quantitative understanding

of how binding regulates catalysis is hard both analytically and computationally, even

in the bulk scale where concentrations rather than molecule counts are considered, and

assuming binding is fast therefore reaches steady state. This is because the steady state

equations from binding reactions relate various bound forms of the enzyme to molecular

concentrations through polynomial equations, with degree increasing proportional to the

number of binding reactions. Thus analytical or computational methods to �nd the set of

solutions of these systems quickly become infeasible as the binding network increases in

size.

Because of this, assumptions are often made to restrict to speci�c scenarios where simpli-

�cations can be made. Michaelis Menten or Hill type simpli�cations assume molecular

species other than the enzyme are in high abundance, and therefore do not change in the

binding process. More sophisticated methods to count the single molecule states have also

been developed, such as Monod-Wyman-Changeux (MWC) models or general biophysical

models with hierarchies of interacting single molecules, e.g. transcription factor states
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over gene states. Nevertheless assumptions are made to simplify the problem to counting

molecule states, either by overabundance of other species or by assuming experimental

settings where species are in equilibrium with an environmental bath. These simpli�cations

have been hugely successful, since many scenarios indeed satisfy the assumptions made.

This is especially true for metabolic enzymes where substrate molecules are small and

therefore abundant.

Recent advances in understanding regulatory circuits in developmental biology and on

RNA and protein level, however, encounter binding regulations that no longer satisfy such

assumptions. This is because the �substrate� could be a macromolecule as well, such

as a protein phosphorylated by kinases. One example of this is combinatorial behavior,

such as in BMP signaling [9], Sox2/Oct4/Sox17 regulation of endodermal di�erentiation

[103], and synthetic multistable circuits based on this principle [122]. A common theme is

that each species involved can take both high and low concentrations, with combinatorial

regimes corresponding to combinations of high and low concentration of multiple species.

Another example is highly dynamic regulations, such as in protein-level circuits [46] and

engineered perfectly adapting circuits [10, 58]. The common theme is that large transients

from perturbations can push important species out of their typical regimes, such as to a

very low concentration.

These combinatorial or highly dynamic scenarios demand a way to characterize bioregula-

tion pro�les of binding networks on catalysis that does not make restrictive assumptions.

In other words, a method to capture the full bioregulation pro�le for holistic analysis is

needed.

To do so, we need to circumvent the di�cult complexity of polynomial equations relating

catalysis rate to concentrations. Instead of focusing on rates, we propose to characterize

bioregulation through reaction orders. We show that the full landscape of bioregulation

in terms of reaction orders can be tractably analyzed and computed for arbitrary binding

networks, without any assumptions or restrictions. The small sacri�ce is that reaction

orders only capture the rates up to a multiplicative constant, so we know the fold-change

response of rates to varying concentrations, but not the exact magnitude. This could be

trivially resolved in cases where a reference magnitude can be measured or estimated.

In the following sections, we introduce what reaction orders are and describe how to

calculate them for binding networks. We show that the full regulatory pro�le can be

captured as polyhedral sets that reaction orders can vary in. These reaction order polyhedra

also serve as constraints on bioregulation from the stoichiometry of binding networks. No

matter concentrations change with large dynamic transients or in a combinatorial fashion,
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bioregulation remain bounded in the polyhedra. We also demonstrate the power of holistic

analysis by showing we can recover hidden adaptive regimes in an existing synthetic

biocircuit.

2.1 Reaction order captures binding's regulation of catalysis

We illustrate the problem of analyzing binding's regulation of catalysis through a simple

enzymatic reaction.

E + S
k+

� *) �
k �

C kcat

��! E + P: (2.1)

Here E is free enzyme, S is free substrate,C is the complex formed from E and S binding

together, and P is the product molecule formed. We note that we call S a substrate only

in the sense that enzymeE acts on it, while S could be a molecule large or small. More

detailed descriptions of this enzymatic reaction are sometimes used, such as introducing

another intermediate complex C0 representing E bound with P, or allowing the catalysis

step to be reversible. The principle of the calculations we illustrate below generalize to

these cases in straightforward ways.

The net catalysis in this enzymatic reaction is that one substrate molecule is converted

into a product molecule. The rate or �ux of this catalysis is v = kcatC, where C here also

denotes the concentration of this species. So we can express the catalysis involved as

tS
kcat C tP ; (2.2)

where tS = S + C denotes the total concentration of substrate molecules, and tP = P is

the total concentration of product molecules. The squiggly arrow is used here to denote

catalysis reactions to emphasize that catalysis is not a simple reaction, with more detailed

reaction steps possibly involved such as binding reactions. The reason totals are used here

is because we are considering the net e�ect of the catalysis reaction going forward once. It

is clear that the total product has a net increase of one molecule, and the total substrate has

the net decrease of one molecule. But because the substrate exists in both bound and free

forms C and S, the consumed substrate molecule could come from either free or bound

form, and therefore does not correspond to the net decrease of one molecule of S or C.

Binding regulates catalysis. Since the catalysis �ux is v = kcatC, the regulation of this �ux

is varying C when the total enzyme and substrate concentrations are varied. Since we

consider the reactions in bulk scale, we write the following deterministic rate equation

governing the concentration of C from mass action:

d
dt

C = k+ ES � (k� + kcat)C: (2.3)
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For many scenarios of interest, it is valid to assume that the binding reaction is fast for the

timescale we are interested in, so the dynamics of C concentration reach steady state [53,

57, 116]. To add to the argument, we can determine the timescale of binding by looking at

the state transition dynamics of the enzyme. That of the substrate molecule is completely

analogous. Fixing S, the dynamics of C in the above Eqn (2.3) is transition of enzyme

between free stateE and bound state C. The rate out of E is k+ S, and the rate out of C is

k� + kcat . So the dynamics can be written as the following using total enzyme tE = E + C.

d
dt

C = k+ StE � (k� + kcat + k+ S)C: (2.4)

Therefore the timescale for enzyme state transition to reach steady state is(k� + kcat + k+ S)� 1.

Hence, although the unbinding rate k� can be very slow due to a tight binding energy,

the timescale of binding is governed by the sum of the three terms, therefore a small k�

does not change the timescale. Speci�cally, k+ S is often the largest. The di�usion-limited

on rate for enzymes often takes value above 108 m� 1 s� 1 [75, 107], so forS of 10molecules

per bacterial cell, i.e. 10 nm, we have the k+ S is 1 s� 1. So the binding timescale is almost

always seconds or faster, and faster with increasing concentrations. For example, S with

µmconcentration has timescale in milliseconds. If the phenomenon we want to study has

timescale longer than seconds, then it is plausible to assume binding is at steady state.

With the binding reaction reaching steady state, we have the following system of equations

relating C and total concentrations tE and tS.

C =
ES
K

; tE = E + C; tS = C + S; (2.5)

where the �rst equation is the steady state expression of complex C, and K = k � + kcat

k+ . The

latter two equations are simply de�nitions of the total concentrations. These totals are also

quantities conserved by the binding reaction. Again, we focus on how C depends on the

total concentrations because once the binding network regulating the catalysis reaction

is given as in Eqn 2.1 so that no other binding can happen, then cells can only adjust

the catalysis rate by producing or degrading the enzyme and substrate molecules. Such

production and degradation results in changes of integer numbers of molecules for the

totals, but not the free or bound concentrations.

To solve for how C depends on tE and tS from Eqn (2.5), we can �nd the explicit solution in

this case by solving the following quadratic equation, obtained by plugging the de�nitions

of totals into the steady state equation.

KC = ( tE � C)(tS � C) =) C =
1
2

�

tE + tS + K �
q

(tE + tS + K )2 � 4tE tS

�

: (2.6)
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This expression serves as an example for the full pro�le of bioregulation. All possible

responses of the catalysis �ux in Eqn (2.1) to total concentrations is characterized by

this equation. This is a hard constraint from the binding stoichiometry on how the �ux

v = kcatC(tE ; tS) can be regulated. As long as the binding network is correct with no

important binding interactions ignored, this expression captures all possible bioregulation

in a holistic fashion. No matter whether or not the cells adjust the concentrations in a

highly dynamic or combinatorial fashion, the resulting behavior follows this Eqn (2.6).

While the holistic description by Eqn (2.6) is highly desirable, we caution that the explicit

solution can be solved here only because we chose a simple case here with just one binding

reaction. With the number of binding reactions increase, the degree of the polynomial

equation to be solved increases proportionally, quickly becomes unsolvable without special

restrictions on the parameter values. Even for just two binding reactions, the explicit

solution is already complicated, while four or more binding reactions results in degree 5

or more, so no algebraic solutions can be found. This hardness propagates to numerical

computations as well. Finding speci�c solutions of a large system of polynomial equations

is already hard, let alone scanning for how the solutions vary with the total concentrations.

Reaction orders capture binding's regulation. To circumvent this di�culty, we propose to

focus on reaction orders of the �ux to the total concentrations, instead of the �ux itself.

To introduce reaction orders in a simple way, let us consider the typical approach to

circumvent the computational di�culty by restricting to speci�c scenarios. Assuming

either the substrate is much more abundant than the enzyme tS � tE , or the free substrate

concentration S is kept constant by an external bath, we can simplify the binding dynamics

to just state transitions of the enzyme molecule. The steady state equation therefore

becomesKC = ES = ( tE � C)(tS � C) � (tE � C)tS, because complex concentration is

much less than total substrate by C � tE � tS. Solving for C then yields the classical

Michaelis-Menten formula:

CMM
ES (tE ; tS) = tE

tS

tS + K
: (2.7)

If free substrate S is kept constant by an external bath, then we would care about how the

�ux varies with free substrate S instead of total tS, so we have the steady state equation in

similar form KC = ( tE � C)S, simply replacing tS with S. The resulting expression of C in

tE and S is also of the Michaelis-Menten form. In this simple case, all the methods based

on state counting of the enzyme results in the same expression as Michaelis-Menten. In

order to go beyond this approximation using state counting methods, the state of the whole

system in terms of both enzyme and substrate molecules needs to be counted. But this is

simply the discrete and stochastic version of the full explicit solution in Eqn (2.6), which
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Figure 2.1 Log-log plot of the MM formula (blue and left y-axis) and the its log derivative to total substrate
concentration tS (orange and right y-axis). Parameter values are tE = 1 and K = 1 (red vertical line). The
two extremes of small and large tS are highlighted to have slopes of 1 and 0 respectively, captured by the log
derivative function.

is even harder to solve than polynomial equations as the number of binding reactions

increases.

To see how the �ux is regulated by total concentrations, we plotted the Michaelis-Menten

formula in Figure 2.1 (blue). The response to total enzyme concentration is imply propor-

tional, so tE is kept constant in the plot. We see that when tS is small compared to K , i.e.

tS � K , the �ux increases linearly, or in �rst order, as seen from the slope in the log-log

plot. When tS is large compared to K , i.e. tS � K , the �ux becomes �at and saturates, so

it does not respond to increases in tS anymore. This corresponds to a slope of zero in the

log-log plot. We see that there are two regimes in how the �ux responds to ts, a linear or

�rst order regime when tS � K , and a saturated or zeroth order regime when tS � K . We

can also see this by applying the asymptotic conditions tS � K or tS � K to the Michaelis

Menten formula in Eqn (2.7) to obtain the approximate formula in the two regimes:

CMM
ES (tE ; tS) �

8
><

>:

t1
S t1

E
K ; tS � K ;

t0
St1

E ; tS � K:
(2.8)

Here we write the order explicitly. We see that the reaction orders, de�ned as the order or

exponent of the �ux to total concentration changes, capture how the two regimes respond

di�erently. In more detail, the reaction orders capture what fold-change of the �ux is

caused by fold-changes in the total concentrations. As a result, any multiplicative constants

are not described by the reaction orders, just like K is ignored in the order description

of the two regimes. We note that this is only because we restricted our attention to the
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total concentrations here, while the order in K can be naturally kept in reaction order

calculations. See Chapter 3.

Reaction orders, or exponents, nicely capture how the �ux responds to concentration

changes in the two regimes at the extremes of small and large total substrate concentration

tS. Because the approximate expression of Michaelis Menten formula at these two regimes

have monomial form, the exponents naturally correspond to the reaction orders. However,

what happens if we do not have monomial forms. More generally, there is a range between

the two regimes where the �ux also responds to changes in concentrations, how can

we describe the reaction orders there? Intuitively, we would think the response should

be in between the linear or order 1 regime and the saturated or order 0 regime, so we

expect the reaction order to smoothly vary from 1 to 0 as tS increases. To do so, we

need a continuous analogue of exponents, called log derivatives. As a simple example,

if f (x) = kxa, then @log f (x)
@log x = @log k+ a log x

@log x = a, so we see log derivatives indeed obtain the

exponent for monomials. Applying log derivative to the Michaelis-Menten formula, we

can calculate
@logCMM

ES

@log(tS; tE )
=

h
K

tS + K 1
i
: (2.9)

The log derivative of the C's Michaelis-Menten formula to tS is plotted in Fig 2.1 (orange

curve). We see that it smoothly decreases from1 to 0 astS increases, as we desired. The two

regimes correspond to vectors of C's reaction order to (tS; tE ): (1; 1) for the linear regime,

and (1; 0) for the saturated regime. When total substrate concentration tS smoothly increase,

we obtain a line segment from (1; 1) to (1; 0) in reaction order space (Figure 2.2). Therefore,

log derivative is a di�erential way to calculate reaction orders beyond the extreme regimes,

so that reaction orders can be characterized for all possible concentrations. This paves the

way to use reaction orders to capture the full bioregulation pro�le of binding networks. In

particular, the bioregulation pro�le of the �ux restricted to the Michaelis-Menten case is

the (1; 1) to (1; 0) line segment.

Full bioregulation pro�le as reaction order polyhedra. With the full bioregulation pro�le

in mind, we recall that the Michaelis-Menten formula is derived from a simplifying

assumption that substrate is much more abundant than enzyme tS � tE . Compare the

Michaelis-Menten formula Eqn (2.7)with the explicit solution for full bioregulation pro�le

Eqn (2.6), there are behaviors that the metabolic �ux can have that is not captured in the

Michaelis-Menten formula. In particular, while there are two regimes captured by the

Michaelis-Menten formula, we can take asymptotic conditions in the opposite direction of

the tS � tE assumption to �nd a third regime not captured by Michaelis-Menten. When

tE � tS, the steady state equation becomesKC = tE (tS � C). Solve for C we obtain
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C = tS
tE

tE + K . When total enzyme concentration is small, tE � K , we recover the linear

regime in Michaelis-Menten. When total enzyme concentration is large, tE � K , we obtain

a new regime that is �rst order in substrate but zeroth order in enzyme: C � tS. We

summarize the three regimes as follows.

CMM
ES (tE ; tS) �

8
>>>><

>>>>:

t1
S t1

E
K ; K � tS; tE ;

t0
St1

E ; tS � tE ; K ;

t1
St0

E ; tE � tS; K:

(2.10)

In terms of reaction orders of C in (tS; tE ), this means beyond the two regimes with

reaction orders (1; 1) and (0; 1), there is a third regime with order (1; 0). This means the

full bioregulation pro�le in terms of reaction orders goes beyond the (1; 1) to (0; 1) line

segment of Michaelis-Menten to include points like (1; 0). So we want to see how the full

bioregulation pro�le is represented in terms of reaction orders.

We could obtain the full set of reaction orders by directly applying log derivatives to

the explicit solution Eqn (2.6). However this procedure will not work in general since

the explicit solution is not available beyond simple cases. In fact, our goal is to show

that reaction orders form intuitive representations of the full bioregulation pro�le that

can be e�ciently computed for large binding networks, therefore serve as much better

representations of bioregulation than the function of �ux in terms of concentrations.

Without relying on the explicit solution, we can directly compute the reaction orders from

the steady state equations in Eqn (2.5). To do so, we consider Eqn (2.5) as de�ning a

three-dimensional manifold constraining the six variables involved: (E; S; K; t E ; tS; K ).

Then reaction orders, which are di�erential quantities, can be computed through implicit

function theorem (see Chapter 3). The result is the following.

h
@log C
@log tS

@log C
@log tE

@log C
@log K

i
=

h
E + K

S+ E + K
S+ K

S+ E + K � K
S+ E + K

i
: (2.11)

We can visualize this by obtaining points of these reaction orders through uniform sampling

of (E; S; K ) values, and plotting them onto the 2D space of C's reaction orders to (tS; tE ).

This is plotted in Figure 2.2.

First, we see the that a triangle with vertices (1; 1), (1; 0) and (0; 1) corresponding to the

three regimes bounds all the points. It can also be shown analytically that the the set of all

possible reaction orders is this triangle by writing Eqn (2.11)into convex combinations (see

Chapter 3). The reaction order in K can also be included, which just slants the triangle.

Importantly, this triangle is the set of all possible reaction orders that the �ux can respond
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Figure 2.2 The reaction orders of C to tS and tE de�ned by steady state equations in Eq (2.5). A point in
this space represents a reaction order vector of the catalysis reaction, which de�nes how the steady-state C
concentration varies due to changes in the total concentration of E and S. The blue points are sampled from
Eqn (2.11), with e = E

K and s = S
K log-uniformly sampled between 10� 6 and 106 for 105 points. A triangle

with vertices (1; 1), (1; 0), and (0; 1) bounds all the points. These vertices (red dots) correspond to structural
regimes with approximate expression for C written next to them. The edge marked by the red line is the
range of reaction orders covered by the Michaelis-Menten formula.

to varying concentrations for this simple binding network (Eqn (2.1)). This triangle is

therefore the full bioregulation pro�le of this binding network represented in reaction

orders. This triangle is a constraint on all possible bioregulation of the �ux, just like the

explicit solution Eqn (2.6). No matter the total concentrations tS and tE are dynamically

regulated with large transients or combinatorially varied, the �ux's response in terms of

reaction orders is bounded in this triangle. In fact the result is even stronger: when the

binding constant K is varied, maybe by di�erent enzyme-substrate pairs, as long as the

binding network is still the same, the bioregulation pro�le is still this triangle of reaction

orders.

Next, the triangle is de�ned by the three vertices, which correspond to the three regimes

we discussed before. Each one of them correspond to a region in the space of total

concentrations (tS; tE ) that satis�es an asymptotic condition, such as tS � tE ; K . This

means, as the total concentrations are varied during regulation, once the concentrations

are pushed to extremes, then the �ux automatically falls into one of the regimes, and the

reaction order is pushed into a vertex. This can be seen in Figure 2.2 through the density of

the points as well. We see the points are most dense at the vertices, meaning a large region
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of values in (E; S; K ) space has a reaction order the same as the vertex. In other words,

varying the concentrations in large regions do not vary the reaction orders when they are

close to the vertices. This is a measure of robustness, that large variations in concentrations

do not change the reaction orders signi�cantly, when the concentrations is already close to

the vertices.

These vertices and their corresponding regimes are also structural. Structural here means

that they are independent of concentrations, binding constants and kinetic rates. Instead,

they are solely determined by the only thing not varied: the stoichiometry or topology

of the binding network. The fact that one enzyme and one substrate binds to form a

complex determines the vertices and the triangular shape of the reaction order polytope.

Therefore we refer to these regimes as structural regimes, to emphasize their independence

of parameters. The signi�cant robustness of structural regimes also promotes a view of

bioregulation as staying inside a structural regime most of the time, so perturbations that

vary concentrations do not change reaction orders. When adjustments need to be done,

then the concentrations are strongly varied to push the reaction orders from one structural

regime to another, again with high robustness. Although there are intermediate reaction

orders between the structural regimes, cells tend to stay in these intermediate regions very

little, because they are not robust, therefore any perturbation would push the cells out of

them into structural regimes. This description may underlie the observation that biology

is robust yet diverse. On one hand, biological systems adapt to large disturbances of all

kinds, so it seems they are in such a stable and robust position that nothing will change.

On the other hand, when desired, biological systems can perform diverse behaviors in

di�erent scenarios. This robust yet diverse property may be rooted in the diverse functions

of structural regimes, and the high robustness of each regime.

Now we recall our discussion about Michaelis-Menten. By making the simplifying

assumption that substrate is much more abundant than enzyme tS � tE , two structural

regimes are retained, and the reaction orders are restricted to the line segment from (1; 1)

to (0; 1) (see red line segment in Figure 2.2). This geometrically illustrates how the full

bioregulation pro�le compares to what is allowed by Michaelis-Menten under restricted

scenarios. More importantly, we discover that assumptions in the form of asymptotic

conditions, e.g. tS � tE , restricts bioregulation pro�le by projecting to an edge of the

triangle. Restricting further with tS � K projects the edge onto the (1; 1) vertex. Therefore

more generally we expect asymptotic conditions would project a reaction order polyhedron

to its faces. This is very useful since it provides a clear relation between the geometric objects

in reaction order polyhedra with conditions in molecule concentrations. In particular,
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asymptotic conditions on concentrations correspond to the hierarchical organization of

vertices, edges, and faces in a polyhedron.

This correspondence between asymptotic conditions on concentrations and the geometric

hierarchy of reaction order polyhedra makes simplifying assumptions transparent. To see

this in action, we can consider the edges other than Michaelis-Menten. While the edge

symmetric to the Michaelis-Menten one is simply enzyme is over-abundant compared

to substrate tE � tS, the diagonal edge between (1; 0) and (0; 1) is more interesting. It

is the tight binding limit, corresponding to asymptotic condition tE ; tS � K , so that

binding is very tight compared to substrate and enzyme concentrations. Restricting further

with tE � tS or tS � tE would further project to the (0; 1) and (1; 0) vertices. Like the

edge correspond to a formula in Michaelis-Menten, this edge should also correspond to

a formula. By the vertices this edge connects, we already know what form it takes at

extremes. To �nd the full formula, we can simply apply the asymptotic condition to the

explicit solution in Eqn (2.6). We obtain that CTB = min f tS; tE g, the minimum of enzyme

and substrate. This makes intuitive sense, since tight binding implies any free molecule

should form a complex unless one of enzyme and substrate is all consumed. Although this

tight binding formula is not as popular as Michaelis-Menten, it should be because of its

high biological relevance. In [10], a circuit motif achieving robust perfect adaptation is

proposed that is based on the strong binding of two molecules, such as sense and anti-sense

RNA strands or sigma and anti-sigma factors. This tight binding formula is perfectly

appropriate in this situation, and is used in analyzing the circuit motif in [83]. In [92], this

tight binding formula taking minimum between enzyme and substrate is used to unify

several bacterial growth laws in distinct growth conditions. It is highly likely that the

tight binding formula is used and applied in many scenarios that we do no know, simply

because of the lack of a common name like Michaelis-Menten or Hill to enthrone the tight

binding formula into the canon of quantitative biology.

To summarize, from a simple binding example, we see that binding's regulation of biology

can be captured by reaction orders. The set of all reaction orders allowed by a binding

network forms a polyhedral set. As a result, this reaction order polyhedra represents the

full bioregulation pro�le of a binding network. The hierarchical geometry of vertices,

edges, and faces of reaction order polyhedra correspond to asymptotic conditions on

concentrations that are often used as simplifying assumptions in various scenarios. The

vertices, in particular, correspond to structural regimes with approximate monomial

formula that are highly robust to perturbations in concentrations.
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2.2 Reaction order polyhedra can be derived and computed

at scale

We proposed to describe bioregulation through reaction orders because the full bioregu-

lation pro�le in terms of catalysis rates or �uxes' dependence on concentrations require

solving high degree polynomial equations, which is intractable analytically and computa-

tionally. While previously we illustrated how reaction orders capture binding's regulation

of catalysis through a simple binding network where rates can be explicitly solved, in this

section we demonstrate that in contrast to rates and �uxes, reaction orders can be computed

and derived at scale. We show this by �rst demonstrating a computational sampling

algorithm to obtain reaction order polyhedra through matrix algebra. This is based on a

reaction order formula for arbitrary binding networks, generalizing the procedure we used

to calculate reaction orders in the simple binding network using implicit function theorem.

Then we show that the reaction order polyhedra themselves can also be derived directly

through a method called dominance decomposition tree (DDT), based on rules of calculus

for positive variables.

Computational sampling of reaction order polyhedra. The computational procedure

to sample points of reaction order polyhedra is shown in Figure 2.3. Here we choose

the binding network of an induced activator as an illustration. Here G is a gene to be

expressed,R is an activating transcriptional regulator, and S is an inducer of the regulator.

The two binding reactions are the inducer S binds with the activator R to form a complex

CRS , and this induced activator binding with the gene G to form a complex CGRS . CGRS

is then the activated gene complex capable of gene expression. So a natural objective for

analysis is to understand how the gene expression is regulated by this binding network. We

characterize the full bioregulation pro�le of this binding network by obtaining the reaction

order polyhedra, without making any assumption about gene copy number, activator

amount, or inducer concentration, or their binding strengths.

To obtain the reaction order polyhedra, one way is to computationally sample points from it.

This will visually show the polyhedron because the vertices and edges are robust, therefore

naturally have higher density of points. The computational sampling is based on a formula

for reaction orders that hold for arbitrary biological binding networks, shown in step 3

of Figure 2.3. This formula is derived using implicit function theorem, through a similar

process as in the reaction order calculation of the simple binding network (see Chapter 3

for details).
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